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A Physical Model of Branching

in Upward Leaders

he physical processes leading to branching and physical factors affecting branch-

ing features are poorly understood. We are applying the tested physical model
of axisymmetrical leader development following the streamer-leader transition to a
3-dimensional propagation of the leader with branching. The propagation of the leader
is driven by the potential drop at the leader tip. The branching occurs when the drop
potential at the leader tip reaches a threshold. The space charge around the leaders self
regulates the total number of active branches by reducing the available potential for the
propagation. The model has been applied to simulate the time evolution of an upward
leader started from a tall ground structure and developing in an electric field produced
by a mature thunderstorm. We are satisfied with the fact that the results of computer
simulation of branching leader closely resemble branching of upward positive leaders
triggered by tall structures depicted in high-speed video images.

Introduction

The physical processes that lead to branching, and the physical fac-
tors that affect branching features remain among several unresolved
issues in our understanding of lightning development. The questions,
such as: Under what conditions does the leader start branching? How
does the branching form? And how do the neighboring branches in-
teract, and does this interaction lead to the arrest of the propagation of
some branches, while others continue to propagate? All these ques-
tions come to the mind of an observer who views and analyzes the
fascinating high-speed video images of branched leaders.

Some laboratory experiments and field observations have exposed
features of branching processes. For example, we know, from studies
of discharges developing within a layer charge inserted in plastics
[1] that branching channels prefer space charge regions and avoid
regions that are free of space charge. A similar conclusion can be
drawn from the analysis of maps of lightning radiation sources, ob-
tained with the time-of-arrival technique, that have their highest den-
sity within the charge layers of a thundercloud.

Computer models of lightning development that considered induced
charges on a leader channel have produced only single, vertical
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channels of intracloud and negative cloud-to-ground flashes [2], [3].
Lightning branching was introduced in the numerical models of a
thunderstorm based on the stochastic dielectric breakdown concept
[4], [5]. These fractal models, although applying the equipotential hy-
pothesis by Kasemir [6] to floating leaders, simulated macroscopic
behavior of leaders without addressing the internal physical pro-
cesses involved in leader development. Also, a large space resolution
of storm models cannot reproduce the actual sizes of leader cross-
sections and the dimensions of leader branching.

The obijective of this study is to address the processes of branching
first for a unidirectional positive leader, as a less complex type of lead-
er development. We are applying the tested physical model of axisym-
metrical leader development following streamer-leader transition to a
3-dimensional propagation of a leader with branching. In the course
of creation of the model of a branched leader we define the model’s
variables and range of those variables that could be confirmed by
field observations or measurements. For the computer simulation of
the branching leader, we used a simplified model of thunderstorm
charges, in order to determine the sensitivity of the branching model
to various parameters of the model.
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Principles of modeling a straight-propagating upward
leader

In modeling the propagation of upward leaders, we applied the prin-
ciples used in modeling the development of a straight leader, as a
non-time-dependent extension of the already-existing leader channel
by the streamer-leader transition process, regardless of the mecha-
nism of leader initiation [7]. During the streamer-leader transition,
cold streamers, which fan like a cone ahead of the leader tip, produce,
in the course of leader extension, a space charge in the form of a cy-
lindrically shaped envelope surrounding the hot plasma channel of the
leader. This space charge is stationary, and remains so for a period of
time much longer than the lifetime of a lightning flash.

The variables that describe the electrical conditions governing devel-
opment of the leader, some of which are a function of an altitude, z,
are:

* U, (z) - ambient potential, assumed to be distributed linearly.

* U, (z) - potential at the leader tip.

* U (z) - potential produced by a space charge of corona

streamers.

* AU, - potential difference ahead of the tip of the leader, also

called “potential drop”.

* E, - ambient electric field, constant for linear potential distribu-

tion.

* E, - internal electric field in a leader channel due to its finite

resistivity.

* E,, - stability field, which is an electric field inside the streamer

zone, assumed to be 400 kV m-* and 800 kV m-, for positive [8]

[9][10] and negative streamers [11], respectively.

* g, — space charge per unit length generated by the streamer-

leader transition (C m-").

The variables that describe the physical dimensions of the leader are:

* H - height of the structure, from which leader is initiated.

« L - length of the developing leader.

* L. - length of the streamer zone ahead of the leader.

* a_ - aradius of a space charge envelope surrounding the leader.
The variables that describe the atmospheric conditions along the
leader path, and a function of altitude, z, are:

* P(z) - ambient pressure, P is the atmospheric pressure at the

ground level.

* T(z) - ambient temperature, T =300 K is a normal temperature.

* p(z) - airdensity, p(z)=[P(z) T,1/[P, T(2)].

The potential distribution along and immediately ahead of the devel-
oping leader is depicted in figure 1. This potential distribution is af-
fected by the presence of the space charge envelope. The magenta
line indicates the potential distribution due to the ambient field £ .
The tall structure, from which leader initiates is assumed to be a per-
fect conductor, and thus on a zero ground potential. The leader is
resistive, so its current produces a potential gradient of £, , assumed
to be constant. The space charge region ahead of the leader affects
longitudinal propagation of the leader, by reducing the electric field
at the leader tip. The dotted curve ahead of the leader tip depicts
the variation of the potential distribution from the leader tip to the
ambient electric field. The potential difference available to sustain the
leader propagation is the potential drop AU, at the leader tip, and is
expressed by equations 1- 4:

AU, =U,,, (H+L)-[U,, (H+L)+U,(H+L)] (1)
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where

U, (H+L)=-E, (H+L) )
Ui (H+L)=~E;, L (3)
U,(H+L)=U, (H+L)+U,,(H+L) (4)

U, is the potential on the axis due to the space charge, and U_, is the
component due to the image on the ground.

In our simplified model, the space charge is in form of a cylinder of
radius ace and of length L+L , with a uniform charge of linear density
q,,and a total charge of ¢ L. With these assumptions, the two com-
ponents of the potential due to the space charge have the following
expression:
v oo Lt (5)
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The linear charge density of ~50 uC m and ~145 uC m for a posi-
tive and a negative leader, respectively, were derived from laboratory
measurements [12][13]. Lalande et al. [7] assumed the value of the
radius a , of the space charge envelope as 0.5 m for leaders of both
polarities. In a simplified and consistent physical model [7][12], this
value fits the measurements of Willet et al. [14] for a case of a rocket-
triggered lightning. The corona length L_ is inferred from the stability
field £, and AU, by the (7).

=20 )
ESTAB

Electrical discharges are sensitive to air density variation, such as de-

scribed by Paschen’s Law. Lalande [15] shows that, for lightning lead-

ers, the ambient field £ (z) has to be corrected by the factor , 1/p(z)

in order to take into account the air density variation with altitude.
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Figure 1 - Longitudinal potential distribution along the path of an upward
positive leader developing from a ground structure

Modeling the 3-D propagation of the straight leader in
a thunderstorm

For computer simulation of the 3-D leader propagation, we used the
electrostatic model of a mature storm [3]. This storm model is rep-
resented by four charged cylinders with a constant charge density
(figure 2). The vertical potential profile from ground to 1500 m al-
titude, computed for this model, is in close agreement with the po-
tential profile measured by Willet et al [14] during a rocket-triggered
lightning experiment.

Figure 3 depicts the concept of 3-D propagation of a leader segment
that is assumed in our model. A new direction of propagation of the
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leader tip is chosen at each time step, and a new segment of the
leader and its associated space charge is added to the preceding seg-
ment. In adaptation of the axisymetrical model of the leader to the 3-D
development, we replaced the space charge envelopes of the leader
segments with the sets of equivalent charge lines. Their effects on the
electrical potential are similar to those produced by the space charge
envelopes. We use the Boundary Element Method (BEM) that is based
on the solving of integral equations to compute the new electrostatic
setup and the resulting voltage drop at the leader tip at each time step.

The directiond _ is towards the maximum potential drop, which is

max

computed at a distance 2L . from the tip on a sphere centered at the
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chanel
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Figure 3 - Depiction of the 3-D propagation of a leader filament in time steps

b)
15000
10 000
5000
0
-10000  -5000 0 5000
d)

Figure 2 - Vertical slides (x, y=0, z) of (a) electric charge distribution inside a mature thundercloud [3], (b) atmospheric potential UATM, (c) vertical compo-
nent of the atmospheric field £z. and (d) horizontal component of the atmospheric field £x. The black arrows show the direction where the E£-field intensifies.
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leader tip. The computation is not performed at Z_where the effects of
both leader and space charge are maximal, but slightly ahead of it, to
make it more sensitive to the cloud potential. In choosing the direction
of propagation the model takes into account the stochastic charac-
ter of leader’s motion. We assume that the final direction & of leader
propagation for the angle 0 is determined by a Gaussian distribution
centered on 0°, with a standard deviation of 45°, and for the angle ¢
by uniform distribution from 0 to 360° (figure 4).

Leader branching criterion

Leader
channel

Figure 4 - Cho@g the direction of leader propagation d at each time step
(angles 8, ¢).d . is the direction where the potential drop between the lead-
er tip and a point at 2L_ahead of the leader is at its maximum.

The most challenging task in modeling branching leaders is to deter-
mine the electrostatic criteria for branching. Here is what we learned
from studying upward positive leaders starting from tall towers [16]:
single-channel upward leaders are triggered either by (1) passing-
by negative leaders of intracloud flashes, or (2) by return strokes
of positive CG flashes. In the first case, these upward leaders start
branching when they approach the cloud base above. It is known that
the potential drop ahead of the ascending upward leader is greater
near the cloud base than at the ground level. In the second case,
the upward leaders branching occurs right from the start (the top of
the tall structure), triggered by return strokes of nearby positive CG
flashes. Our explanation of the noticed difference in when and where
the leader branching starts is as follows: The impact of the electric
field change produced by return strokes of +CG flash on the trigger-
ing of an upward leader is much greater than that of the intracloud
negative leader passing by, due to its much higher current and speed.
We interpret the high-speed video observations of branching in posi-
tive upward leaders from tall towers referred to here as indicating that
branching occurs at rather high electric field changes, and therefore,
at the potential drops values that are greater than those needed for
development of a single, non-branched leader channel.

We also recognize that branching of the leader may affect the speed
of leader propagation, in comparison with that of a non-branching
leader, and make such assumption in our model. An empirical formula
(8) expresses the relationship between the leader’s velocity and the
potential drop ahead of the leader AU, , which is the driving force of
the leader progression, in relationship to the variable AU, that repre-
sents the potential drop required to start branching.

-2|AU, |
VL = VLRmax {1 -e A J

(8)
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The variation of the leader’s velocity as a function of the potential
drop AU,, with AU, being constant, is depicted in figure 5 for different
values of ¥, and AU,.

1000007y (mys)
80000
60000
40000

20000
AU, (MV)
0 50 100 150 200
V ama=20 000 m.s™; AU, =50 MV — V,,,=100000ms"; AU,=100 MV
— ¥, =50000ms™; AU, =100 MV — ¥, =100000ms’; AU,=50 MV

Figure 5 - Evolution of the leader velocity as a function of the potential drop
at the leader tip AU, for different values of 7, and AU,.

The dynamics of branching for a natural upward leader is seen in
figure 6a, for an upward positive leader started from a tall tower. In
this example and in numerous others obtained with a high-speed
video system, the characteristic feature of branching is the splitting of
a single channel into two branches [13]. There is also indication of a
prevalent angle between two new branches, the value of which is hard
to obtain from the two-dimensional images. In our model, branching
also always occurs as the splitting of a single channel into two, after
AU, reaches or exceeds AU, (figure 6b). After that, each part of the
branch develops as a single channel, with its own velocity, and the
possibility of further branching, depending upon the potential drop
AU, atits tip .

Leader Direétion of
AU, >AU, | the leader
l propagation

Space charge >

'\\\\\\\\:

Length of new segments = ,.A¢

t+ At

a) b)
Figure 6 - (a) Composite image of an upward branching leader (courtesy of
Tom Warner) and (b) depiction of the branching concept model.

The range of values of the branching criterion AU, is determined from
the comparison of 3-dimensional lightning mapping observations,
obtained with the Lightning Mapping Array (LMA), with the electric
potential profile inferred from balloon soundings of the electric fields
in New Mexico mountain thunderstorms [17]. The altitude histogram
of the flash radiation sources in figure 7 shows two maxima of radia-
tion source density: at the band of 6 - 7 km, and at the band of 9 - 11
km. These are two bands where leaders propagate horizontally and
also branch within. Negative leaders produce much stronger VHF ra-
diation than positive ones. This strong radiation identifies the altitudes
of 9-11 km as associated with a negative leader development zone
and the altitudes of 6-7 km as associated with positive leader propa-
gations. The bidirectional leader originates at the altitude of ~8 km,
and propagates vertically until its upper and lower tips reach 9 and
7 km altitudes, respectively. During its vertical development phase,
the leader is in electrostatic equilibrium with the ambient potential
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profile (marked by the blue line in figure 7). Assuming that the posi-
tive leader starts branching only after reaching the 6 -7 km band, we
infer, from the potential profile in figure 7, the corresponding values of
the branching potential drop AU, to be in the range of 20 to 50 MV.
Adjusted for the air density at these altitudes, the values for AU, at
mean sea level would be from 35 MV to 105 MV.

km 15
[ Flash C(0731, 2255:48 UT)
1l 208 points (X, 2<2.0, within 3.0 Km

" July 31, 1999 Fight 4|
t 22472313 U))
of balloon) first point at 8.17 Km Leader channel
E . in equilibrium in
3 the potential prjofile

Mean altitudes where the propa-

gation of the branching
leader is mainly horizontal

Number in bin (bin size 100 m) v (MV)

Figure 7 - (a) Altitude histogram of lightning radiation sources. The cross
marks the altitude of the first LIMA source and the likely location of flash initia-
tion. (b) The vertical potential profile inferred from balloon soundings of the
electric field in New Mexico mountain thunderstorms. The circle indicates the
altitude of the balloon at the time of the flash [17].

The dotted lines and cross-hatching in the histogram identify the boundaries
of the regions with most radiation sources. The upper region is associated
with negative polarity leaders and the lower region with positive polarity lead-
ers. The blue vertical line corresponds to the potential of the vertical part of
the bidirectional leader channel before it propagates horizontally and branch-
es. The red horizontal bidirectional arrows correspond to the potential drop
available at each extremity of the bidirectional leader before the branching
process occurs.

Computer simulation of branching in upward leader

Computer simulation of branching was performed for an upward pos-
itive leader that started from a tall grounded structure during a mature
thunderstorm (see model in figure 2), the vertical potential profile of
which is presented in figure 2b. In a thunderstorm with this ambient
potential profile, the leader can propagate to a maximum altitude that
is slightly below 10 km. However, when conditions for branching ex-
ist, the duration of a time step affects the computer simulation of the
branching structure. Without branching, there is no influence of the
time step on the results of simulation.

With the drop potential AU, equal to or above the branching criteria
U,, the leader splits into two branches. The distance d,, between the

two new segments, measured horizontally between tips of branches,

depends on the time step, as shown in the following expression:

d,, =2V, Atsina 9

where o is the angle between the two new segments with a mean
value of 45°. The smaller the time step, the smaller the distance d
The number of active leader tips (V) increases following the math-

t

ematical law N, = 24, where t is the period of time since the first

branching occurs.

Aerospacelab

When there is no physical limitation in the branching process, the
branching structure calculated for three time steps (Ar=0.5 ms,
Ar=1ms, At=2 ms) is as shown in figure 9.

Altitude (m)
15000 | i
00 p 1
Zone of propagation
of the positive leader
5000 | i
0 L 1 n .
-2e+08 -1.5e+08 -1e+08 - 5e+07 0 5e+07

Potential (V)
Figure 8 - Vertical ambient potential profile of the mature thunderstorm
structure shown in figure 2. The vertical red bar identifies the tall structure
from which a positive upward leader develops. The horizontal dashed line
indicates the maximum altitude for the positive leader propagation.
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—

16 active leader tips
/—/% f—/%

RV
A IR -

10.5 ms
=0.5ms At =1ms At =2ms

4 active leader tips

2 ms of
Propagatiion

Figure 9 - Depiction of the unrestricted development of branches for three
time steps (At=0.5 ms, At=1 ms, At=2 ms) for a 2 ms-long propaga-
tion. In this conceptual figure, and also in figure 10, the angle o between
branches in all figures is the same, and is shown as different for the illustra-
tion purpose only.

In our model, the distance between branches plays a significant role
in the leader propagation because of the presence of a space charge
envelope of the same polarity on each branch. The drop potential of a
neighboring branch may be drastically reduced by the close proximity
of the space charge envelope, which may arrest the development of
a new branch. The smaller this distance, the greater the screening
effects of the space charge of one branch on the potential drop AU,
of the other branch. When two new branches are created at each time
step, and the distance between the two new leader tips is big enough,
both branches can propagate; otherwise one of them stops. In the
example shown in figure 10, only two active leader tips remain at the
end of 2 ms-long propagation, regardless of the choice of time step.
It is also apparent that the larger the space charge per unit length
(g,.), the smaller the number of branches produced. Thus, the elec-
trostatic interaction between leader’s parts limits the development of
new branches in our model.
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Figure 10 - Depiction of the development of a branching upward leader as a
function of the time step when the effect of space charge envelopes is consid-
ered. The blue zone identifies the space charge envelope of the branch. The
full line is associated with an active part of the leader channel. The dashed
line is a branch, which stopped propagating. d,, is the distance between the
two new leader tips.

We calculate the branching characteristics of an upward leader with
the space charge-per-unit length (¢ ) of 100 uCm™, which develops
with time steps of Ar=0.5 ms, Ar=1ms, and Ar=2 ms (figure 11).
The branching criterion AU, is set at 30 MV. The mean vertical ve-
locity of the branched leader is 6.4 x 10* m s™'. The final altitude
reached by the branched leader is 8000 m, which is 2000 m lower
than the maximum theoretical altitude shown in figure 8. As seen in
the plot in figure 11a, there is a weak dependency of the final altitude
on the duration of the time step. Figure11b shows the time evolution
of the total number of branches, as well as of the total number of
arrested branches. The difference between these two numbers gives
the number of active branches. Both the number of branches and the
number of arrested branches depend on the duration of the time step.
As figure 11b shows, these two numbers are not so different.

. 8000 T T T T T T T T T T T T
E T ]
% 6000 [ _
= L
3 4000, _
£ 2000] i
0‘ 1 1 1 1 1 1
0 0.02 0.04 0.06 0.08 0.1 0.12
800 T T T T T T
£, 600 - — Total branches 7
E’ § 400 --- Arrest branches ]
o =
£ 200 - s
0 = = : : —
0 0.02 0.04 0.06 0.08 0.1 0.12
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501 Active leader tips -
£8  4r ;
Sy or ]
22  20f ]
S i
100 7]
0 " L L L |
0 0.02 0.04 0.06 0.08 0.1 0.12

Time (s)

Figure 11 - Effect of the time step duration A on branching characteristics
of upward leader. (a) Maximal vertical extension of the upward leader. (b)
The total number of branches created at a given time and the total number
of arrest branches. (c) The total number of active branches. Parameters
of computation AU, = 30 MV, ¢, = 100 uC m", Ar=0.5ms, 1 ms and
2ms.
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The figure 11c depicts the number of active leader tips as a function
of time. The branching starts at altitude of 2000 m. The number of
active leader tips increases up to an altitude of 5000 m where the
maximum potential values are found, and then decreases at higher
altitudes. It is clearly seen in figure 11c that the number of active
leader tips is mostly independent of the time step duration. The up-
ward leader propagates longer than 100 ms before it stops, which is
within the range of durations commonly observed in nature for up-
ward positive leaders.

For the same three values of the time step duration, we have plotted all
leader branches created at the end of the upward leader propagation
(figure 12). The results show that the total horizontal extension of the
discharge is larger for larger time steps. This is due to a few branches
that have a mostly horizontal propagation during a few steps and then
stop, while the majority of active branches continue their propagation
in the region of high ambient potential. At the end of the propagation,
the zones where the majority of branches are located are quite similar
and independent of the time step duration.

y(m) Ar=0,5ms

2000 T T T ] ]

1000 |- 1 r 1 F .
0L 4 L 4 L |
-1000 [ 1 L 1L ]
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| - l .XKHD |

-1000 0 1000
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-1000 0 1000

A

P "
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Figure 12 - Effect of the time step on the total leader branches at the end of
the discharge propagation. ¢ =100 uC m" et AU,=30 MV.

Conclusion

The modeling of the three-dimensional propagation of a branching
leader has been based on an electrostatic model, the parameters of
which have been inferred from physical models and validated by ob-
servations. The propagation of the leader is driven by the potential
drop at the leader tip, which differs from most previous fractal models
of branching that used the electric field as a propagation criterion.
Branching, by splitting a branch into two new branches, occurs when
the drop potential at the leader tip reaches a threshold, which we in-
ferred from LMA observations and the ambient electric field measure-
ments in a thunderstorm. In the model, the space charge around the
leaders regulates the total number of active branches by reducing the
available potential for their propagation. The model has been applied
to simulate the time evolution of an upward leader developing from
the tall ground structure. We are satisfied with the fact that the results
of computer simulation of a branching leader resemble the branch-
ing structures in high-speed video images of upward positive leaders
triggered by tall structures. One may expect the results of branching
simulation to differ for different storm stages, and thus, the different
potential profiles Il
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