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I

n his book “Citadelle» Antoine de Saint Exupéry wrote “Intelligence examines the
material while the mind only sees the ship”. Such a quote sets the context of this
issue of ONERA’s Aerospace Lab Journal entitled “Life Prediction Methodologies
for Materials and Structures” very well. In order to predict the mechanical integrity
and lifetime of complex components and structures, it is essential to understand
the physical mechanisms that control local deformation and damage phenomena
at the relevant scales in the material. This issue of the Aerospace Lab Journal
addresses this problem by providing a forum for some of the leading members of
the mechanics of materials community to report on recent theoretical and computational modeling approaches to describe the mechanics of materials at scales
ranging from the atomistic, through the microstructure, and up to the continuum. A
broad range of materials and physical phenomena are addressed, including metallic
and composite materials, dislocation behavior, crystallographic slip, fatigue and
damage, and other macroscopic and structural behavior.

DOI : 10.12762/2014.AL09-00

This issue contains the eleven invited contributions that have successfully gone through the standard review process of the journal.
They reflect the strong interactions between universities, research
institutes and industry in the topic of this issue, and underline the
importance and challenging nature of the scientific issues addressed.
The various topics covered range from the defect and microstructural scales (dislocations in Articles 1 and 2, and individual grains in
Articles 3 and 9) to the structure scale (Article 6), including intermediate scales described by various continuum mechanics approaches
(Articles 4, 5, 7, 8 and 11). Furthermore, Article 10 deals with the
thermodynamic aspects governing the evolution of superalloy microstructures. Two articles discuss approaches developed to predict
the deformation, damage and fatigue behavior of composite materials. This includes topics that have not been widely reported in the
literature, such as the behavior of composite materials subjected to
dynamic and crash loads, addressed in Article 4, or the treatment of
fatigue damage discussed in Article 6.
Contributions to this issue scan the entire life prediction workflow of a
structure, which can be broken down into the following steps:
• Observations and characterization of the material microstructure.
• Measurements and prediction of the local strain and stress fields,
which control local deformation and damage phenomena.

• Determination of the component and/or structure behavior
through the stress redistributions within the structure.
• Identification, through adequate fatigue damage laws, of the
number of cycles for crack initiation.
• Determination of either stable or unstable crack growth behavior, including catastrophic failure.
While these steps are consistent with current practices, there are still
challenges to be addressed in the coming years. Indeed, it would be
unrealistic to propose a structural analysis today where the material
behavior is described at, for instance, the defect level by discrete dislocation dynamics, or by explicitly accounting for all of the heterogeneities in a composite material even though theoretical tools are available for some idealized cases. Despite such challenges, the scientific
community continues to work towards developing closer integration
of the various modeling and life prediction approaches.
Finally, we would like to thank all of the authors for their contributions
to what we hope will be an important reference in the field, as well
as the reviewers who spent a considerable amount of time commenting on the scientific merits of the manuscripts. It is hoped that this
collection of overview articles will provide readers with the current
state-of-the-art in some of the key modeling approaches required to
predict the mechanical integrity of components and structures on the
basis of physical principles 
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B

oth nucleation and propagation of fatigue cracks in fcc metals are investigated,
using 3D discrete dislocation dynamics (DDD) simulations. Firstly, DDD simulations explain the mechanisms leading to the formation of persistent slip bands in surface grains loaded in fatigue. Extrusions are evidenced where the bands intercept the
free surface. The extrusion growth rate is estimated for different material parameters
and loading conditions. Energy and stress calculations performed inside the simulated
grain lead to a possible scenario for the crack initiation at the interface between the
band and the matrix, as reported in the literature. Secondly, a crack is inserted at the
persistent slip band interface and the crack tip slip displacement evolutions are evaluated. It is shown that the crack growth rate is strongly related to the grain size and to
the distance to the grain boundary; the smaller the grain, the faster the crack growth.
Finally, the crack propagation to the next grain is investigated by conducting DDD
fatigue simulations in a surface grain next to a cracked grain. It is shown that the development of the persistent slip band is modified by the presence of the crack. The crack
orientation affects the orientation of the persistent slip band, as well as the extrusion
rate, and consequently the crack propagation in the next grain.

Introduction

Simulation setup

In single phased fcc materials, such as Copper or 316L stainless
steels, stage-I fatigue cracks initiate in surface grains and the crack
location is strongly correlated to the extrusion relief associated with
the development of persistent slip bands [1, 10, 14, 15]. After the initiation stage, micro-cracks grow and cut the primary grain up to a first
micro-structural barrier (a grain boundary, for example). At this point,
subsequent propagation can be delayed for a certain time, depending
on the loading amplitude and the orientation of the next grain [4]. Under high cycle fatigue (HCF) conditions, plasticity developing ahead of
the first micro-structural barrier is a crucial and yet poorly understood
phenomenon, possibly controlling the fatigue lifetime [2, 11, 13, 23].

All of the DDD simulations presented here use the edge-screw
model TRIDIS developed by Verdier et al. [21]. The simulation box
consists of a polygonal grain, typically a truncated dodecahedron or
a faceted cylinder (figure 1). All surfaces are impermeable to dislocation motion, except for one free surface from which dislocations
can escape, leaving a step. The image forces are not accounted for,
since their effect was shown to be negligible [6]. The evaluation of
the dislocation displacement at the surface is computed using a
dedicated algorithm proposed in [12]. The loading conditions correspond to a uniaxial tension applied along the direction [-123]. The
fatigue load is applied in a quasi-static manner. The stress is incremented when the dislocations have all reached a stable position. The
stress rate is reversed when the cumulated plastic strain reaches
the desired strain amplitude (typically 10-3). The initial configuration
for the dislocations consists of a single Frank-Read source located
in the center of the simulation box. It was demonstrated that such a
simple configuration was sufficient to develop the expected fatigue
microstructure.

Our goal in this work is to revisit the literature data on fatigue crack
initiation and propagation in the low strain regime [19], using 3D
discrete dislocation dynamics simulations. This numerical tool has
the unique capacity to relate the organization of the dislocation lines
to the mechanical properties of the material using very few model
parameters.
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When the load is applied, the dislocation source quickly activates
and emits dislocation loops in the simulated volume. Then, numerous cross slip events take place that spread the dislocation lines on
the two associated slip systems: the primary slip system a/2 [110]
(1-1-1) and the deviate slip system a/2 [110] (1-11). This tends to
homogenize the dislocation density and consequently the plasticity in
the entire grain, which is beneficial to the fatigue life of the material.
After a few cycles however, cross slip events and line reconnections
modify the dislocation microstructure, which now becomes localized
in bands [7].
A close look at a typical slip band shows that the band is made of
channels, multipoles, tangles and mobile dislocations, as depicted in
figure 2b. The multipoles consist of dipolar prismatic loops that can
glide in the channels. The tangled dislocations are located near the
channels, where dislocations hardly move.

Extrusion growth mechanisms

p

Figure 1 - DDD configuration and applied loading for the fatigue simulations
of surface grains

Experimental observations of persistent slip bands developed in 316L
stainless steels loaded in fatigue yielded the typical orientations of
the simulation box. Typically, the normal to the free surface is fixed at
nsurf = (221) and the primary slip system for the Frank-Read source
is a/2[110](1-1-1).

The plastic steps imprinted on the surface by the escaping dislocations are calculated in the vicinity of the persistent slip bands. It is
shown that an extrusion progressively develops at the intersection
of the channels and the free surface [8]. Note that the surface relief
consists mainly of extrusions (figure 3a), with very few intrusions in
good agreement with experimental observation [10]. Interestingly, the
predominance of extrusion compared to intrusions is obtained here
using purely conservative dislocation motion and dislocation reactions, since in the DD model, dislocation climb and point defect diffusion are not taken into account.
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Figure 3 - Extrusion at the surface plotted for different instant of a given cycle
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Figure 2 - Typical 3D dislocation microstructure
and description of a single slip band [7]
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In figures 3b and 3c, the same surface zone is plotted when the
plastic strain is maximum, negative and positive, respectively. The
surface profile shows that most of the deformation is accommodated by two slip planes located at the interface between the band and
the matrix. This demonstrates that these two planes contain highly
mobile dislocations that can easily propagate in any of the two directions, depending on the sign of the applied stress. These mobile
dislocations play a key role in the extrusion mechanism, since they
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generate stress gradients that can sweep the multipoles located in
the channels. The multipoles then reach the surface and create the
extrusions, as shown in figure 3. The fact that on average the number of intrusions is lower than the number of extrusions means that
most of the multipoles are made of interstitial prismatic loops. More
work needs to be done to explain why vacancy prismatic loops are
not swept toward the surface, but one should bear in mind that the
DDD model is fully conservative, so that the dislocation microstructure contained in the grain is geometrically equivalent to the set of
vacancy loops needed to exactly compensate the extrusions forming at the surface.
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A parametric study was conducted in order to measure the effect of
the strain amplitude p, the mean strain , the grain height hg and
the grain diameter Dg. It is found that the surface shear can be fitted
by equation (1) below.

According to various authors, a critical value could be defined for
the surface shear (or the extrusion height) that could initiate a crack
[5, 17]. Figure 4 shows the number of cycles, Ni, required to reach
a critical value of the cumulated shear surf as a function of the strain
amplitude and for different grain diameters. The power law scales with
-2.

k N

2

a monotonic increase of the irreversibility. This means that the
extrusion amplitude is continuously increasing, based on plasticity
mechanisms.
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Figure 4 - Evolution of the irreversibility defined as the surface shear surf
and number of cycles needed to obtain a critical value of surf

In order to quantify the irreversibility cumulated with the cycles, we
have defined the surface shear surf as the total length per unit area
of the plastic steps left on the free surface and projected along the
surface normal vector nsurf. A typical curve of surf versus the number of cycles is given in figure 4. Although some part of surf is
recovered during a given cycle, the curves can be nicely fitted using
a square root relationship, with the number of cycles demonstrating

In order to check where and when the first crack would most probably initiate, we have calculated the evolutions of the stresses and
energies developed inside the slip bands. Figure 5a shows the typical distributions of the stored elastic energies at cycles number 5
and 19. Figure 5b shows the evolution of the maximum energy,
evaluated as the standard deviation of the distribution. One can see
that the maximum energy increases with the number of cycles. Assuming that such behavior could be extrapolated to a larger number
of cycles, this means that after a given number of cycles a sufficient
amount of elastic energy will be stored in the volume, which could
lead to the formation of a crack. However, the crack will nucleate
only if in the same region the stress tensor is able to promote atomic de-cohesions of the (111) planes. This effect can be evaluated
using the same statistical analysis on the stress components (namely the shear and normal components), as plotted in figures 5c and
5d. The DD simulations show that the shear component (figure 5c)
increases with the number of cycles, which is explained by the densification of the multipoles in the channels. However, the normal
stress component, plotted in figure 5d, quickly saturates after a few
cycles. Consequently, there will never be sufficient stress to be able
to open a crack within the slip bands. Such a component is however
present at the surface, where the extrusion shape concentrates the
applied loading. Since the extrusion height is always increasing, the
stress concentration also continuously increases up to the critical
stress needed for atomic de-cohesions.
Finally, a complete crack initiation scenario could be drawn from
the DD simulations (figure 6). The first crack will be nucleated
for a given value of the irreversibility indicator, surf, i.e., a given
extrusion height, when a set of multipoles swept by the mobile
dislocations will reach the surface, causing the strain energy to
be sufficient at this location to open the crack. In practice, the
de-cohesion stress needed to open the crack is reduced by the
contaminations of the fresh surface steps developed with the
cycles.
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Figure 6 - Schematic description of the crack initiation scenario. The threshold condition is reached when the elastic
energy (associated to the multipoles) and the stress concentration (related to the extrusion shape) coincide

Crack propagation in the first grain
According to the crack initiation scenario presented in the previous
section, the first crack should nucleate at the interface between the slip
band and the matrix. In this section we will artificially insert a crack at
this location by modifying the DD code in three manners [9].
(i) The two free surfaces corresponding to the crack lips are introduced
in the simulated volume. The opening angle of the crack is fixed at 10-2
radians. Similarly to the top free surface, the dislocations are allowed
to cross the crack surfaces and to imprint plastic steps simulating the
blunting process. Note that in this study, the image forces induced by
the free surfaces are not accounted for, since their effect on the crack
propagation was demonstrated to be limited in [7].
(ii) The crack stress field is introduced as Irwin’s singular analytical
expression for a 2D infinite crack [19] p.289. For each dislocation segment, the crack stress field is superimposed to the local effective stress.

(iii) Additional dislocation sources (one per slip system) are randomly inserted ahead of the crack tip, in order to account for crack tip
plasticity.

Crack surface

Crack
Free surface

PSB

Figure 7 - Insertion of a crack in the 3D DD simulations
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Figure 8 shows the dislocation microstructure and the evolution of the
dislocation densities on the twelve slip systems in the case of a grain
of diameter 10 microns. It is observed that the dislocation microstructure is not drastically modified by the insertion of crack.
micro-crack inserted

10
extrusion growth

9

cracked

8
Density (m-2)

7
primary

6
5
4
3

CTSD is proportional to the grain size, so the number of cycles
needed for the crack to move over half the grain is more or less
the same, regardless of the grain size. For a greater crack length,
i.e., for a crack closer to the grain boundary, the CTSD is strongly reduced for larger grains, indicating that crack propagation is
slower in coarser grains, as reported in [19] and [3].
The curves in figure 10a can be nicely fitted using equation (2) below [9],

 λ b 
CTSD
a 
≅ ∆ε p 1 − exp  −
1 −
  
(2)



Dg
 ∆ε p Dg  Dg   

where a is the crack length and =25 is a fitting parameter.

deviate

crack tip

2
1
0

crack tip
crack tip

others
0

10

20

30

40

50

60 N

Crack

5µm
5µm

5µm
Free surface

Figure 8 - Evolution of the dislocation densities and corresponding final
dislocation microstructure developed in the cracked grain.
The crack is inserted at cycle number 50

The crack propagation mechanism is also affected by the grain boundary. When the crack becomes close to the grain boundary, it is no
longer possible to accommodate the plasticity ahead of the tip using
only the primary and deviate slip systems. Consequently, the dislocation microstructure spreads on all of the slip systems, resulting in
strong blunting effects, as shown in figure 9.
The effect of the distance to the grain boundary depends on the
grain size, Dg. The slip dispersion is less pronounced in smaller
grains. The consequence for small grains is that plasticity is more
localized, so the crack propagation is faster. Such a feature is
confirmed experimentally [20]. This effect is now quantified by
computing the Crack Tip Slip Displacement (CTSD) for different
distances to the grain boundary and for different grain sizes, the
grain shape ratio being conserved. The CTSD is calculated by
averaging displacement profiles taken along 100 lines crossing
the crack tip. Results are given in figure 10. The ratio CTSD/Dg
is found to be almost independent from the grain size for crack
lengths smaller than 50% of the grain size. In other words, the

crack tip

5µm

Figure 9 - Effect of the distance to the grain boundary. Dispersed plastic slip
and crack tip blunting is observed for the shortest distances
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This is confirmed by the dislocation density accumulation rate, which
remains similar after the crack insertion. It is also found that the crack
shape remains sharp with highly reversible slip at the tip. Complementary simulations were performed in the case of a grain for which the
crack was inserted from the beginning of the simulation, i.e., without
a prior persistent slip band dislocation structure [9]. In this case, the
dislocation microstructure is not planar anymore at the crack tip and
the dislocation densities are more dispersed on the twelve possible slip
systems, leading to crack tip blunting. This demonstrates that the slip
band microstructure facilitates crack propagation through the first grain.

extrusion
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p

		

Figure 10 - Crack Tip Slip Displacement versus the distance between the
crack and the grain boundary for different grain sizes and numbers of cycles
to obtain a 5 µm length crack using equation (1)
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Assuming that the crack propagates over a distance CTSD every Ni
cycles, we can integrate Equation (2) in order to estimate the number of cycles required for a crack to propagate over a given length.
Figure 10b shows the curves corresponding to a crack propagation
of a=5 µm for different grain sizes. For low plastic strain amplitudes,
the number of cycles is found to be proportional to p-1, whereas for
higher strain amplitudes the number is almost constant. Note also that
this number is very low compared to the number of cycles needed for
crack initiation, which is proportional to p-2 as shown by Equation
(1) and plotted in figure 4. This shows that crack initiation takes much
longer than crack propagation.

Crack propagation towards the next grain

relevant to High Cycle Fatigue (HCF) conditions. The crack orientation
is defined by the tilt, twist and theta angles between the crack and the
slip band planes.
A typical result is shown in figure 12. The curve marked as (a) shows
the surface shear accumulated in the grain before the crack is inserted. The corresponding dislocation microstructure obtained after a few
cycles is given in the same figure. The formation of a slip band can be
clearly seen. The crack is inserted at cycle number 34 and the surface
shear is modified into curve (b), which shows a larger accumulation
rate of the surface shear. The corresponding dislocation microstructure obtained after a few more cycles shows that the slip band has
been destroyed and a new one has formed on a different set of slip
systems.
-4
3.5 x 10

Focusing on the crack propagation in surface grains, the objective of this section is to investigate the crack interaction with the
first microstructural barrier. The study of the crack propagation in
the first grain showed that most of the plasticity at the crack tip
was accommodated by the Burgers vector of the primary/deviate
slip systems forming the persistent slip band. Such a Burgers
vector is almost perpendicular to the free surface (figure 1) and,
consequently, coplanar with the grain boundary. Thus, the scenario for the crack transmission mechanism from one grain to
the next grain is more likely to be an ‘indirect transmission’, as
depicted in figure 11. This means that the cracks will not be able
to shear and cross the grain boundary, but will rather generate a
new slip band in the next grain, which will later initiate a crack in
the same way as in the first grain.
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Figure 12 - Effect of the crack on the irreversibility
(a) The crack has not yet been introduced
(b) The crack is introduced, after 34 fatigue cycles
(c) The crack has been introduced as from the beginning
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Figure 11 - Simulation setup.
(a) Indirect transmission mechanism
(b) Definition of the three relative angles defining the relative position
of the crack with respect to the slip band

The simulation setup consists of a cracked grain, for which the crack
is once again represented by the singular stress field of a 2D infinite
crack. The next grain corresponds to the DD simulation box. The initial
dislocation microstructure includes 24 Frank-Read sources, randomly
distributed in the simulated grain on all of the possible slip systems.
The fatigue load is imposed with a plastic strain amplitude of p=10-4
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Fig. 13 - Ratio of the surface shear in the presence of the crack / surface
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If the crack is introduced from the beginning of the fatigue simulation, it gives the surface shear and dislocation microstructure indicated as (c) in figure 12. Both are similar to sequence (b) obtained
when the crack was inserted after a few cycles. This means that
the crack imposes both its own dislocation microstructure and its
own extrusion rate. In other words, the dislocation microstructure
formed in the grain could not have been predicted from Schmid’s
law predictions, as used in continuum models.
A parametric study was conducted by varying the twist and tilt
angles [16]. It is found that in some cases the crack insertion
can speed up the accumulation rate and for other situations it
can slow down the extrusion growth. This is illustrated in figure
13, where the surface shear accumulated in the grain has been
divided by the reference surface shear accumulated in a grain
without any crack. If the ratio is greater than 1, the crack increases the extrusion growing rate, whereas a value below 1 is
the signature of a delaying effect of the crack on the extrusion
growth rate. The curves are plotted as a function of the distance
to the crack tip, r.

Concluding remarks
3D DD simulations helped in understanding persistent slip band formation and the associated surface extrusion growth mechanisms. A
detailed scenario for the crack initiation is proposed, where the mechanism for the crack propagation along the slip band is explained
and quantified as a function of the grain size. Finally, the crack transmission to the next grain is investigated for diverse crack orientations,
showing that the crack plays a major role in the development of plasticity in the neighboring grains.
Despite the promising results obtained in this study, the DD simulations conducted here have several limitations. The first one is related to the calculation time required for a simulation, which limits the
maximum number of simulated cycles. Moreover, neither the surface
contamination, nor diffusion mechanisms are taken into account in
the model. Finally, the DDD simulations were all performed in a single
crystal. The perspectives of this work consist in overcoming these
limitations by improving the model, both in terms of the physics and
computational efficiency 
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T

his article highlights how dislocation dynamics (DD) simulations provide a unique
opportunity for establishing scale transitions in crystal plasticity. Recent progress in
this numerical method is briefly reviewed. Based on the standard problem of plasticity
in fcc crystals, we show that DD simulation insight provides guidelines for modeling
material mechanical properties controlled by the collective behavior of dislocation microstructures. Hence, DD simulation allows more physical input to be incorporated into
continuum models for strain hardening, thereby improving their predictive ability.

Introduction
Due to its importance in many technological problems, including
some aerospace industry issues, the development of a plasticity
theory based on dislocation mechanics, rather than on an empirical
basis, is a long-standing goal in materials science. However, due to
its intrinsically multi-scale nature, the problem of reducing dislocation mechanics to a system of partial differential equations compliant
with standard continuum computational methods turns out to be a
non-trivial problem. In the last decade, important progress has been
made with the development of multi-scale modeling strategies bridging models of crystal plasticity from the atomistic to the continuum
domains. Within such multi-scale strategies, 3D simulations of dislocation dynamics (DD) that give a physically justified description of
the motions and the interactions of large ensembles of dislocations
at the mesoscale are strategic [17]. Indeed, DD simulation allows the
statistical analysis and integration of the many and complex dislocation properties controlling the plastic deformation of metals and alloys. This is why this simulation technique is essential to improve the
constitutive laws used at large scale in continuum mechanics simulations. In addition, DD simulation allows fair and direct comparison
with experiments.
The purpose of this paper is to briefly present some of the progress
that we have made in the DD simulation method and in the development of physically justified constitutive equations for continuum
simulations. We first provide an overview of an important model,
the discrete-continuous model, coupling DD simulations and finiteelement simulations. Then, we present recent results associated to
the key topics of isotropic and kinematic strain hardening modeling.
Finally, we present the conclusion and perspective.
1
2

From dislocation dynamics simulation to the discretecontinuous model
The “microMegas” project
Three-dimensional DD simulations compute plastic strain by integrating the equations of motion for dislocation lines under stress in an
elastic continuum. The mutual interactions of dislocations, the formation and destruction of junctions, their line tension and their interactions with other defects are essentially drawn from the elastic theory.
Whereas some differences remain among DD simulation codes, there
are basic features that all of these have in common. All of the simulation codes discretize dislocations into a finite set of degrees of freedom attached to line segments. The forces on these discrete lines are
estimated from the elastic theory of dislocations and the positions of
the dislocation segments are updated according to material-dependent equations of motion. Applying periodic boundary conditions to
the simulated volume allows a representative volume element of a
macroscopic sample to be monitored at the scale of a few tens of
microns. A difficult aspect of DD simulation consists in the definition of constitutive or " local " rules that account for dislocation core
properties like dislocation cross-slip and nucleation. For this reason,
attention must always be paid to these parts of the simulation codes,
since they control the peculiarities of the materials. Such validations
can be made either from comparison with atomistic simulation results or from dedicated experiments.
The LEM1 is at the origin and is the main contributor of a free and
open source DD simulation code called microMegas2(mM). mM is
today one of the most popular lattice-based DD simulation codes and
is used by many research groups to investigate different aspects of
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crystal plasticity. A full description of this computer code has been
presented in numerous studies [7][21] and was recently described
in some detail in [8]. Readers interested in DD simulation applications to micro-plasticity problems involving size-effects, such as in
sub-micronic objects and nano-structured materials, are referred to
this paper.

The sum of all of the elementary d ε p gives the total plastic eigenstrain
in the FE part. Once the eigenstrain distribution is calculated, the FE
code solves the boundary value problem, computing the mechanical
equilibrium (stress, strain and displacement field) in the simulated
volume. Then, the DD code exploits the FE stress field to compute the
dislocation motion.

The discrete-continuous model

Unlike with other coupling techniques (e.g., the superposition principle), as stated above, the DCM is able to compute the full mechanical equilibrium in the simulated domain. This is a key property of the
method; it thus allows plastic deformation to be naturally simulated
in anisotropic media, to simply access periodic boundary conditions
and to couple the DCM with other constitutive laws (crystal plasticity).

DD simulation codes present some limitations when they have to
deal with complex boundary conditions. Indeed, standard simulations
compute dislocation-dislocation interactions using classical expressions of the dislocation stress field in infinite media, not taking into
account the interactions of dislocations with free surfaces and interfaces. To overcome these limitations, we develop in collaboration with
the ONERA Department DMSM the Discrete-Contiuum Model (DCM).
The DCM is based on a coupling between a DD code and a finite element (FE) code via the Eigenstrain “formalism”. In this formalism,
a dislocation is introduced in the FE simulation as Volterra loops,
regularized in a plate-like inclusion of thickness h [19][10][25]. In
particular, at each time step, the area swept (dS) in the DD simulation
by each dislocation segment is transmitted to FE and the associated
plastic Eigenstrain (d ε p ) is computed using the following expression:

In order to better illustrate the capability of the DCM, two examples
are presented.
The first one in figure 1 highlights the possibility of running micromechanic calculations within the framework of anisotropic elasticity.
The plastic relaxation onset of SiGe heteroepitaxial nanoislands, due
to the lattice mismatch with the Si substrate, has been studied using
anisotropic elastic constants. Panel (a) of figure 1 shows the dislocation equilibrium position inside the nano-island, while panel (b) shows
the plastic Eigenstrain induced by the dislocation dynamics. Once the
equilibrium is computed, it is possible to have access to the stress
field (panel c) and to the displacement field (panel d) associated with
the plastic deformation inside the nano-object.

(b ⊗ n + dS ⊗ n ) 		
(1)
2
where w(r , h) is an isotropic distribution function of radius r with
regularization thickness h, b and n are respectively the dislocation
Burgers vector and a unit vector normal to the dS .
d ε p = w ( r , h ) . dS

b)

a)

z
x

b)
y

150 nm

c)

d)

Figure 1 - DCM simulation of a misfit Dislocation line deposited inside a SiGe island
(a) The dislocation line location and displacements are calculated with the DD code
(b) The plastic shear associated to dislocation dynamics is locally homogenized and exported to the FE problem
(c) Dislocation stress field inside the nanoisland at the mechanical equilibrium
(d) The DCM boundary value problem is solved accounting for crystal rotations and volume shape variations (displacement fields induced by dislocations).
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The second example describes the capability of coupling the DCM
with other methods, to predict plastic deformation in crystalline materials. In order to model the deformation of a Cu polycrystal in figure 2,
a mesh with 16 grains has been created. The central grain exploits
the DCM constitutive law, while the surrounding 15 grains are treated
with a more phenomenological crystal plasticity model [23][12]. The
images of panel (a) and (b) show the Von Mises stress in the polycrystal after 2% of deformation in the z direction, to highlight the difference between the two different model predictions (DCM vs. crystal
plasticity). In panel (a), the dislocation microstructure in the central
grain is superposed to the stress field and panel (b) illustrates how,
unlike the continuous crystal plasticity model, the DCM is able to capture the stress concentration due to the accumulation of dislocations
at the grain boundaries. Hence, it is possible to quantitatively capture
the physical process controlling size effects.

10 µm

σ mises ( Mpa )
300

During plastic deformation, dislocations multiply and their mutual long
and short-range interactions hinder their motions. As a consequence,
a shear stress increase d g has to be imposed to produce a shear
strain increase d g . By definition, the ratio θ = dτ / d g is the strain
hardening rate. In a physically justified approach to crystal plasticity,
the density of dislocations in each slip systems ‘i’ is a key internal
state variable. For this reason, the calculation of the strain hardening
can usefully be decomposed in three parts. First, a flow stress relation, has to be identify in order to calculate the critical stress τ ci for
the activation of slip systems. Secondly, the rate at which the critical
stress evolves with strain or, equivalently, the rate at which dislocation density evolves under strain in the slip systems (d ρ i /d g i ) (see
§ " Dislocation storage rate and isotropic strain hardening ") must be
defined. Lastly, the plasticity problem is in a closed form by including a flow rule. The latter expression relates, in each slip system, the
resolved applied stresses to the critical stress τ i and the strain rate
g i . In fcc materials and for conventional strain rates, a power law
expressions is usually considered:

g i g0i 〈
=

0

τ i − X i m 				
〉
τ ci

(2)

Figure 2 - Example of how the DCM can be coupled with other constitutive
law in the FE framework: deformation of a Cu polycrystal. The central grain
exploits the DCM constitutive law, while the other 15 Grains in the periodic
mesh deform following a phenomenological crystal plasticity law.
In panel (a), the dislocation microstructure has been superposed
in the central grain to the stress field.
Panel (b) highlights how the DCM captures the stress heterogeneities
in comparison with the solutions obtain in the other grains.

where <> are the Macaulay brackets, goi is a reference strain rate
and m is a material parameter accounting for the strain rate sensitivity. In fcc metals, m is related to the energetics of jog formation and
it does not influence the modeling of plastic strain since at low temperatures its value is large. In eq. (2), X i is a long-range back-stress
term accounting for the accumulation of polarized dislocation, i.e. the
accumulation of geometrically necessary dislocations in regions of
the deformed material [1]. For instance, the grain-boundaries (GB)
in a polycrystal act as strong barriers to dislocations glide. Then,
dislocations are accumulated on both sides of the grain boundaries
during plastic deformation. This feature limits the slip system activity
and therefore decreases forward deformation of the grains (see §
" Modeling kinematic strain hardening ").

Modeling plastic strain hardening

The flow stress relation

The identification of reliable material constitutive equations for
continuum mechanics is an essential ingredient for the development
of new materials and structures. Such equations are essential to
model the relation between strain and stress inside a material, which
is a simple linear relation in the case of elastic analyses (Hooke’s
law) and a much more complex relation when plastic deformation
is involved. Here, we show that the validity of plasticity laws can be
considerably improved by making use of information arising from DD
simulations. For this purpose, the plasticity of fcc metals is used as
a standard problem. It must be noted that the methodology proposed
can be extended to other materials, as illustrated by a recent paper
dedicated to α − Fe [22].

Following the work of Franciosi et al. [9], the critical stress for the
onset of plastic slip in a system ‘i’ interacting with slip systems‘j’
with density ρ j can be expressed in a tensor form:

z
a)

y

x
b)

Among the many possible choices of constitutive equations for
plasticity [2], in this study we consider a well-known dislocation
density based model [24] derived from the storage–recovery
framework first developed by Kocks and Mecking (see [14] for a
review). Nevertheless, the results that we obtained for this model
can also be incorporated to alternative continuous models for crystal
plasticity. A small strain framework is assumed here, for simplicity
reasons.

τ ci = µ b

∑aij ρ j 				
j

(3)

where μ is the elastic shear modulus and b is the dislocation Burgers
vector. In equation (3), coefficients aij are the components of a matrix that describes the strength of the interactions between slip systems. In fcc crystals, the number of distinct interaction coefficients
between the 12 <0 1 1>{1 1 1} slip systems is reduced to six. Four
coefficients are needed to describe slip system interactions involving
particular dislocation reactions, that is, the glissile junction, the Hirth
and Lomer locks and the collinear annihilation. This last reaction occurs between slip systems that share a common Burgers vector. It
does not produce junctions but rather athermal annihilation over an
extended range of dislocation line characters [20].
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In eq. 4, τ ci is the critical stress for the onset of slip systems activity and K hkl is an orientation-dependent mean free path coefficient.
In the K hkl definition, n is the number of active slip systems and
a 1/ 2 is the average value of the interaction coefficients aij . The three
coefficients
=
p0 0=
.117 ,k0 1.08 and κ = 0.29 are dimensionless
constants. They are related respectively to the probability for forming
a stable junction upon crossing a forest dislocation, to the average
length of the stored dislocation line segments and to the density of
junctions in the microstructure. As illustrated in figure 4, value of
these coefficients could be determined from DD simulations [4].

a1/2

0.7

Collinear
Glissile
Lomer
Hirth

0.6
0.4
0.2
0.0

0.2 µm

0.0
a)

1.0

2.0

3.0

ρ f -1/2 ( µm )

b)

Figure 3 - (a) Example of periodic dislocation microstructure in a (001) foil
of thickness 0.2 µm extracted from a simulated volume of Cu deformed
under multi-slips conditions. (b) Measurements of slip system interaction
strength (a1/2 ) for different forest dislocation densities ( ρ f -1/2 ) including only
one type of dislocation reaction, i.e., the collinear annihilation and the glissile, Lomer and Hirth junctions.

Calculation of the aij values as a function of the dislocation density
is a task that we performed with DD simulations [18][6]. As shown
in figure 3-b, for a reference forest density of ρ = 1012 m-2, the
strength of slip system interaction involving the Lomer junction is
found identical to a standard value calculated with the forest model,
a ≈ α ≈ 0.35. This result reflects the predominance of the Lomer reaction in the strengthening of fcc single crystals. For the Hirth, glissile
and collinear types of interactions, the calculated strengths are approximately 0.6α , α and 2.3 α , respectively. It is interesting to note
that due to the large value of the collinear annihilation coefficient, we
explained why, in contradiction with the Schmid law prediction, the
simultaneous activity of two slip systems shearing the same Burgers
vector can hardly be observed experimentally [15].

Equations (3) and (4) constitute two essential building blocks for
modeling isotropic strain hardening in fcc crystals and in other materials when strain hardening is dominated by dislocation-dislocation
interactions. Demonstration was made that their integration on a
meshed sample using a crystal plasticity FE code allows for predicting quantitatively the first two hardening stages of FCC single crystals
without fitting procedure [16].
Modeling kinematic strain hardening

a)

The two remaining aij coefficients are those associated with the interaction of a slip system with itself and the interaction between coplanar
slip systems. DD simulations dedicated to these particular configurations show that the coefficients of the latter are much larger than is often assumed, close to that associated with the Lomer interaction [5].



τ
dρ
with K =  a n (1 + κ ) 
=
hkl
i
2
dg
µ b K hkl
 p0 k0 ( n − 1 − κ ) 
i

i
c

1/ 2

3/ 2

(4)

Collinear
Glissile
Lomer
Hirth

4

3
b)

0

Dislocation storage rate and isotropic strain hardening
As illustrated in figure 4, the process of dislocation density storage is,
under many deformation conditions, directly related to the dislocation
avalanche feature. For this purpose, the concept of dislocation mean
free path, which is the distance traveled by a mobile dislocation segment of unit length before it is stored by interaction with the microstructure, is essential. It is intuitive that dislocations mean free path
decreases with increasing stored density and depends on the strength
of the dislocation obstacles opposing the dislocation motion. A formal
modeling of this quantity was performed with DD simulations [3][16].
The full expression of the storage rate derived from DD simulations
is too complex to be reported here. Instead, we restrict ourselves to
the rather simple form obtained in the absence of dynamics recovery
processes and for loading conditions imposing symmetric activity of
the slip system. For each mobile slip system and taking into account
only forest interactions, we demonstrated that:

K001=4.83
K111=7.43
K112=10.57
k135=50

5
6
2 ρ 1/2 ( 10 )

0.1

5
10
αg ρ / b( 106 )

15

Figure 4 - (a) Dislocation avalanche (or strain burst) observed with DD
simulation in a tensile test of a [001] Cu crystal. This dynamic feature controls the relation between plastic strain production and dislocation density
storage (b) Determination of the dislocation mean free path coefficients by
DD simulations for different single crystal tensile test orientation.

Other obstacles than dislocations can contribute to strain hardening.
For instance, in a polycrystal with grain size dg, GB distances necessarily limit the mean free path of dislocations. For this reason in a
polycrystal, an additional storage term accounting for the accumulation of polarized dislocations (GND) must be added to eq. (4). For
simple dimensional reasons, this term take the form:			
i
d ρGND

dg

i

=

kGND
b rGB

(5)

with rGB the shortest distance to GBs and kGND ≈ 0.5 a storage rate
parameter accounting for a specific organization of the GND density
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Figure 5 - (a) Schematic of the slip systems activity observed at yield in a Cu tri-crystal compression test (Schmid&Boas slip system notation is used). (b)
Illustration of the slip system-GB configurations investigated with DD simulations and reproduced from a Cu tri-crystal deformation test. Dimensions of the
simulated volume are 75 × 13 × 10 µm. (c) and (d) are respectively, the average profiles of GND density and plastic shear calculated with the DD simulations
illustrated in (b). Continuous blue lines are solutions of the classical equation of a one-dimensional pile-up profile and the equations (5) holding from the average dislocation density in the simulated volume.

Unsurprisingly, simulated 3D dislocation microstructures are different from the ideal pile-up configurations discussed in textbooks. The
back-stress fields we found are complex construction of the longrange stress fields associated to dislocations sharing the same glide
plane, but also from many dislocations positioned on neighboring,
parallel or tilted glide planes. Nevertheless, averaging the plastic
strain and the GND density, as function of the GB normal distance,
shows that simulated 3D dislocation configurations can still be interpreted with a generalized concept of pile-up stress. Hence, a new
expression for the back-stress associated to 3D GND microstructures
accumulated against a GB was proposed as function of rGB :
X i ( rGB ) = β cos( θ i )µ b ρGND ( rGB ) rGB

(6)

In eq. 6, θ i is the angle between the GB and the slip system, and β is a
geometrical parameter accounting for the organization of dislocations
in 3D configurations. The latter value was numerically estimated to 37
from many DD simulation results.
2 1012

6 1012

3 1012

0

ρGND (m-2)

9 1012

ρGND (m-2)

close to a GB. Integration of eq. 5 reproduces the formation of heterogeneous densities of GND known as a dislocation pile-up distribution. Such configurations are essential since they are the basis for
the notion of back stress and the foundation of many size effects like
the Hall-Petch mechanism [11]. Again, calculation of the parameters
monitoring the formation of 3D pile-up configurations against GBs
has been made with DD simulations. As illustrated in figure 5, we systematically studied the dislocation microstructures formed against a
GB with different slip system geometries (i.e. different misorientation
between slip planes and GB planes). Such simulated configurations
were identified from a real Cu tri-crystal deformation test (figure 5-a)
and the analysis of active slip system traces at yield.

1.5 1012

1012

5 1011

1011

Figure 6 - Comparison between simulated and measured GND density distribution at 0.2% compression strain in a grain part of a tri-crystal (see figure
5-a for the total geometry).

The predictive ability of eq. (5) and (6) in addition with the equations
previously defined for isotropic strain hardening was tested with a
crystal plasticity code in the case of a Cu tri-crystal compression test.
As shown in figure 6, the GND density distribution at 0.2% strain was
calculated in a meshed tri-crystal and compared with measurements
made with the µLaue-XRD technique in the real sample [13]. In the
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a)

b)

15 µm

early stage of plastic deformation observed experimentally, excellent
agreement is found for the slip systems activity between simulation
and experience. In addition, good agreement (within the limits of the
experimental errors) is found for the GND density amplitude and distribution (i.e. rotation fields) in the grains.

Conclusion and perspectives
In this paper we have first presented the progress we made in the
development and numerical implementation of DD simulations. More
specifically, we emphasized the breakthrough made in the last two
years in a coupling of DD and FE simulations to solve complex boundary problems. The numerical strategy developed, called the discretecontinuous model (DCM), is now mature and offer many advantages.
Then, we have shown that the internal state variables and the mathematical forms used in crystal plasticity calculations can be physically
justified and identified with DD simulations. An important effort was
first devoted to the modeling of isotropic strain hardening in pure fcc
metals. Recently, we started to investigate more complex phenomena
at the origin of kinematic strain hardening.
Modeling complex loading with large strain in a multi-phased polycrystalline materials is still a long-term goal, but important progresses have been made that extend the domain of validity of the existing
crystal plasticity models. Simulations of the Bauschinger effect and
cyclic deformation conditions are the next steps. The constitutive
equations used for these problems involve back-stress formulations
opening the door to many different interpretations at the dislocation
scale. A study with the DCM simulation of the collective and dynamic
properties involved here should gives useful information for design
methods against fatigue of structural materials [13].
Another important problem in which the capability of the DCM simulation will be exploited is the study of plastic relaxation at crack-tip in
ductile materials. Here, two main phenomena take place: a dislocation
microstructure is locally developed to decrease stress concentration

z

z
y

y

Figure 7 - (a) Example of a dislocation microstructure formed at a crack tip
in a Cu sample loaded in ModeI. The crack location is the thin white segment
and the dislocation lines are plotted with colors according to their slip systems. (b) The elastic shielding effect caused by the dislocation microstructure is illustrated in a plane normal to the crack tip. The plotted quantity σ ZZ
is the sum of the dislocation stress fields in the sample and is clearly opposed
to the crack opening (Courtesy of L. Korzeczek, PhD work).

ahead of the crack (shielding effect) and the crack tip changes its
shape due to the emission/absorption of dislocations (blunting
effect). The DCM is suitable to simulate these two phenomena, on the
one hand the proper boundary conditions can be imposed to compute the mechanical equilibrium in a material including a crack and on
the other hand the evolution of the dislocation microstructure can be
precisely investigated. Figure 7 shows one of the first results obtained
using the DCM. Here a Cu single crystal is deformed in the z direction
to open a crack in mode I. The crack plane is normal to the (100) direction with a crack tip parallel to the [010] direction. Panel (a) shows
how the dislocation pre-existing in the sample reacts to the stress
field ahead of the crack tip and rapidly build a plastic zone. The elastic shielding of the dislocation microstructure that works to reduce
crack opening is shown in panel (b). Ongoing work is dedicated to
this problem for cyclic deformation conditions and in a polycrystalline
material to better understand grain size effects 
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T

he deformation fields within grains in polycrystalline materials are generally highly
heterogeneous and can be the precursors to the nucleation of micro-cracks or
cavities. Such behavior is conditioned by microstructural features, such as grain structure, texture, morphology, size, etc. The understanding of such complex phenomena is
crucial to enable structural integrity assessments of engineering components, since it
constitutes the physical bases on which to describe the local mechanisms of deformation and failure to be incorporated into structural integrity codes. This work provides
a brief overview of the different continuum mechanics approaches used to describe
the deformation behavior of either single crystals or individual grains in polycrystalline
metallic materials. The crucial role played by physics based local and non-local crystal
plasticity approaches in the prediction of heterogeneous deformation is discussed.
Representative examples are given regarding the use of dislocation mechanics-based
crystal plasticity frameworks to describe localized plastic deformation behavior of FCC
polycrystalline metallic materials.

Introduction
The macroscopic phenomena that control the physical and mechanical
properties of materials are known to originate from the underlying microstructure. As the material characteristic length scales become smaller,
its resistance to deformation becomes increasingly determined by local
discontinuities, such as grain boundaries and dislocation cell walls. The
interplay between grain boundary effects and slip mechanisms within a
single crystal grain may result in either strength or weakness, depending
on their relative sizes. Although experimental observations of plastic deformation heterogeneities are not new, the significance of these observations has not been addressed until very recently. Some experimental and
numerical studies addressing the local interactions between deformation
and grain boundaries have revealed how highly heterogeneous deformation states can develop locally, despite the grains being subjected to a
uniformly applied macroscopic stress (e.g., [21,27,55,61,62]).

from these factors can easily lead to potentially ‘soft’ regions, which are
more susceptible to extensive plastic deformation and promote strain
localization. As shown in Poullier et al. [53], strain localization can be
primarily driven by non-uniform lattice rotations leading to a ‘geometric
softening’ of the crystal. The extent of the lattice rotation depends on the
relative orientation between adjacent grains and on whether or not lattice
misorientations are present within the grains. This is further supported by
an experimental study on aluminum bicrystals [62], which showed that
both low- and high-angle grain boundaries led to strain heterogeneities in
the form of macroscopic shear bands. However, in this work, the extent
of lattice rotation was found not to depend on the degree of misorientation between the crystals. Instead, it was found to depend on the initial
pairing of orientations between adjacent crystals. In the limiting case, it is
the length scales associated with the deformation patterns (e.g., the size
of dislocation cells, the ladder spacing in persistent slip bands, or coarse
shear band spacing) that control the material strength and ductility.

Grain interaction studies are typically concerned with the way in which
uniform deformation patterns breakdown into highly localized regions
of plastic deformation. Strain localization effects can differ significantly,
depending on the initial texture of the material. For instance, the extent of
in-grain subdivision leading to strain localization can vary significantly depending on texture ([1,44,54]). Furthermore, the initiation and subsequent
development of localized deformation patterns is strongly influenced by
the microstructure, particularly so in the case of somehow idealized polycrystalline systems. For example, if samples containing a small number
of grains are derived from a directionally solidified material, the localization process is expected to be particularly sensitive to the relative grain
sizes, arrangement and in-plane lattice misorientation between adjacent
grains and within grains. The microstructural inhomogeneities resulting

The issues discussed above, in addition to the ever increasingly powerful and sophisticated computer hardware and software available,
are driving the development of novel material modeling approaches
to study deformation behavior at the grain level. This work provides a
brief overview of some of these approaches, based on the continuum
mechanics modeling of plasticity at the grain / single crystal level.
Special emphasis is placed on highlighting the crucial role that local
and non-local crystal plasticity plays in developing an understanding
of microstructure-related size effects on the local stress and strain
fields responsible for damage initiation in polycrystalline metallic materials. Representative examples are also given about the use of such
types of single crystal theories to predict size effects and localization
behavior in polycrystalline FCC materials.
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Single crystal plasticity

the crystallographic lattice, the most widely used approach is to assume that the material’s response is hyperelastic, that is, that its behavior can be derived from a potential (i.e., free energy) function.
Such a potential function may be expressed in terms of the elastic
Green-Lagrange tensorial strain measure,

Constitutive models developed to predict the anisotropic behavior of
single crystal materials generally follow either a Hill-type or a crystallographic approach. As a common feature, they treat the material
1 eT e
Ee
F F − 1 				
as a continuum, in order to describe properly plastic or visco-plastic=
(2)
2
effects. Hill-type approaches (e.g., [56]) are based on a generalization of the Mises yield criterion proposed by Hill [40] to account for
and the corresponding objective work conjugate (symmetric) stress,
the non-smooth yield or flow potential surface required to describe
or second Piola-Kirchhoff stress, T. Note that the Cauchy stress is
the anisotropic flow stress behavior of single crystals. By modeling
related to T by
polycrystal structures with an appropriate crystallographic formula−1
T
tion based on microstructural internal state variables (e.g., dislocation
(3)
σ = det F e F e T F e
densities), greater insight into the grain interaction and deformation
behavior of polycrystals can be achieved. In constitutive formulations
The hyperelastic response of the single crystal is governed by,
based on crystallographic slip, the macroscopic stress state is re∂Φ Ee
T
=
solved onto each slip system following Schmid’s law. Internal state
					
(4)
∂Ee
variables are generally introduced in both formulations to represent
the evolution of the microstructural state during the deformation prowhere ∂Φ / ∂Ee represents the Helmholtz potential energy of the lattice
cess. Although recent developments of these two approaches have
per unit reference volume. If small elastic stretches are assumed, then
now reached an advanced stage, the major improvements made have
been by crystallographic models, due to their ability to incorporate
(5)
T ≅ L : Ee 					
complex slip micromechanisms within their flow and evolutionary
equations.
where L is the anisotropic linear elastic moduli. In rate-dependent
formulations, the time rate of change of the inelastic deformation graThe inelastic response of metallic single crystal materials or grains is
dient, F p, is related to the slipping rates on each slip system as
fully anisotropic and depends strongly on the shearing rate relations
 nα α α  p
p

 γ P  F with Pα ≡ mα ⊗ nα 		
F
=
for the potentially active slip systems: 12 for FCC, 24 for BCC and
(6)


24 for HCP lattices. Kinetics and hardening-recovery mechanisms
 α =1

can also vary greatly. Typically, in dislocation density-based models,
Here, mα and nα are unit vectors defining the slip direction and the
the evolution of the dislocation structure is described by processes
slip plane normal to the slip system.
of dislocation multiplication and annihilation, as well as by the trapping of dislocations [52,64]. Further discretization into pure edge and
In rate-independent formulations, in contrast, flow rules are based on
screw types enables their individual roles to be more clearly distinthe well-known Schmid law and a critical resolved shear stress, τ cα ,
guished [8,20]. For example, edge and screw dislocations are aswhereby the rate of slip is related to the time rate of change of the
sociated with different dynamic recovery processes (i.e., climb for
resolved shear stress, τ α ( = T : Pα ) . Then,
edges and cross-slip for screws), combining to influence the evolving
mα
α
α
τ=
τ=
hαβ γ β if γ β > 0
dislocation structure of a deforming material. Comprehensive discus(7)
∑
c
β =1
sions of these issues can be found in, for instance, [17,18,35,48].
In the above equation, hαβ , the slip hardening matrix coefficients,
In what follows, local and non-local crystal plasticity approaches are
incorporate latent hardening effects. Due to the severe restrictions
discussed and representative applicative examples given.
placed on material properties, such as latent hardening, to ensure
uniqueness in the slip mode (e.g., [8,17]) and the associated difLocal single crystal approaches
ficulties in its numerical implementation, the use of rate-independent
formulations has been somehow restricted and much more limited
A generic internal variable based crystallographic framework is said
than rate-dependent ones. This has been compounded by the fact
to be a local one when the evolution of its internal variables can be
that, by calibrating their strain rate sensitivity response accordingly,
fully determined by the local conditions at the material point. The derate-dependent models have been successfully used in quasi-ratescription of the kinematics of most crystal plasticity theories follows
independent regimes. Thus, the focus of the discussions will hencethat originally proposed by Mandel [47] and by Asaro and Rice [10],
forth be on rate-dependent approaches.
which has been widely reported in the computational mechanics literature (e.g., [2,3,14,15,16,38,39]). The multiplicative decomposiThe slip rate in eq. 6 can functionally be expressed as,
tion of the total deformation gradient, F into an inelastic component
(8)
γα = γˆα τ α ,S1α ,,Sαms ,θ
F p , and an elastic component F e is classical; i.e., under isothermal
conditions,
where, Sia (for i = 1,..., ms ),denotes a set of internal state variables
e
p
(1)
for the slip system α and θ is the absolute temperature. A useful and
F = F F 					
generic expression for the overall flow stress in the slip system can be
Although single crystal laws can be formulated in a co-rotational
conveniently found by inverting eq. 8. Let us, for instance, consider a
frame, i.e., the stress evolution is computed on axes that rotate with
case with three slip resistances (m3 =3). Then,

(

)

{ }

{ }

∑

{

}
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τα =
± fˆvα { γα , S3α , θ } ± cdis S1α ± css S 2α

(9)

where cdis and css are scaling parameters, Sia and S 2α represent additive
slip resistances and S3α is a multiplicative component. Here the distinction between the additive (S1α and S 2α ) and the multiplicative ( S3α ) slip
resistances is motivated by the additive nature of non-directional scalar
hardening mechanisms. By expressing the flow stress as in eq. 9, the
contributions from viscous effects (first term in eq. 9), and dissipative
(e.g., hardening, recovery) mechanisms arising from, for instance, forest dislocation and solid solution strengthening (i.e., second and third
terms), can be clearly identified. The majority of formulations rely on
power law functions for eq. 8, where the resolved shear stress is normalized by a slip resistance or hardening function, which corresponds
α
α
to S3α ≠ 0 and S=
S=
0 in eq. 9. This introduces a coupling between
1
2
the viscous term and microstructure that is inconsistent with the aforementioned additive nature of most strengthening mechanisms. Works
such as those of [14,15,19] have proposed flow stress S1α ≠ 0 and
α
α
S=
S=
0 which allows a more physically meaningful interpretation
2
3
of strengthening phenomena controlled by the dislocation structure.
The particular application for FCC polycrystals to be discussed in the
next section assumes that S1α ≠ 0 , S 2α ≠ 0 and S3α = 0 . For a more
detailed discussion of these issues, see also [17].
The relation between the overall slip resistance associated with statistically stored dislocation forest-type obstacles and the individual
dislocation densities is defined by,

{ }
∑ hαβ ρiβ

β

5

4
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Figure 1 - (a) Initial microstructure of the Al–0.5% Mg tensile specimen
(center gauge section). The inversed pole figures (IPFs) with respect
to the ND direction, (b) highlights the strong ½(001) texture of the g
rains with respect to the RD direction and (c) identifies the corresponding
‘hard’ and ‘soft’ orientations of the specimen’s grains

Single crystal formulation

1/ 2

Siα = λ µ bα

grains, with one very large grain spanning almost the entire specimen
width (i.e., Grain 10 in figure 1(a)).

(for i=1, …,ns )

(10)

Here, λ is a statistical coefficient, which accounts for the deviation from regular spatial arrangements of the dislocations, and bα
represents the magnitude of the Burgers vector. The corresponding
total athermal slip resistance due to forest dislocations can then be
expressed as


α
=
S dis ( S α ) + ( S α ) + .... + ( S nsα )


1/






(11)

where r=1 is used when a linear sum of the slip resistances is desired, and r=2 is used for a mean square value.
In order to complete the set of constitutive relations, separate evolutionary equations need to be formulated for the individual dislocation
densities, with dislocation multiplication and annihilation forming the
bases of their evolutionary behavior [14,15].
An application of local crystal plasticity to the study of deformation
heterogeneities in FCC polycrystals
In this section, the classical local single crystal framework described
in the previous section will be applied to the study of intergranular
cracking in an FCC Al-0.5%Mg alloy. The work to be described here
is based on that by Cheong and Busso [21], who studied the effects
of lattice misorientations on the development of strain heterogeneities
in FCC polycrystals in a thin Al–0.5% Mg polycrystalline specimen
under uniaxial tension. The geometry and test conditions of the tensile
specimen were based on the experimental work of Zhang and Tong
[63], using a flat specimen gauge section containing 10 mm-size

The single crystal model used for the individual grains of the FCC Al
alloy was based on the original formulation proposed by [20] for Cu.
The generic form of the slip rate, γα , given in eq. 8, is assumed to be
dominated by the thermally activated glide of dislocations over obstacles. The slip rate is related to the resolved shear stress, τ α , through
the exponential function proposed by Busso [14] (see also [15,16]),

 F
α


γ = γ o exp  − o
kθ




τ α − S α µ / µo

1 −
τˆ


p






q



α
 sign(τ )



(12)

which accounts for the absolute temperature (θ , K ) and the stress
dependence of the activation energy. In eq. 12, F0 represents the
Helmholtz free energy of activation at 0 K, k is the Boltzmann constant, γoα is a reference slip rate and is the maximum glide resistance
at which dislocations can be mobilized without thermal activation.
Furthermore, µ and µ0 are the shear moduli at θ and 0 K , respectively. The exponents p and q describe the shape of the energy barrier
vs. the stress profile associated with interactions between dislocations and obstacles.
The athermal slip resistance, S α , is expressed as
 N

(13)
Sα = λµ bα  ∑ hαβ ρTβ 
 β =1



where the overall dislocation density for a given slip system β , ρ sβ
is obtained from a discretization of the dislocation structure into pure
edge and pure screw types, of densities ρeβ and ρ sβ , respectively.
Thus,
β
ρ=
ρeβ
T

β

+ ρs
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β =1



γα

(15)

N
N


C 
ρTβ − ρ sα  π d 2s K s ∑ ρTβ + 2d s   γα
∑


b 
=
β 1=
β 1



s 
ρ sα =
Ks
α

(16)

Here, the parameters Ce and Cs describe the relative contributions
to the overall slip from edge and screw dislocations, while K e and
K S are mobility constants associated with their respective mean
free paths. Recovery processes are associated with the parameters
d e and d s , which represent critical annihilation distances between
dislocations of opposite Burgers vectors for both edge and screw
types.
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Predicted deformation patterns and plastic strain distribution
Two cases with slightly different microstructural textures were considered. In Case 1, the lattice orientation of each grain was assumed to
be uniform. In contrast, Case 2 assumed that within each grain, there
exists a random distribution of misorientations ranging from 0° to
6°, which is typical of those found in polycrystalline aggregates. The
measured and predicted deformed shape of the tensile specimens
after 12% true strain is shown in figure 2. In figure 2(a), the middle
section shows the distinct formation of a macroscopic shear band
spanning the entire specimen width for Case 1. This is less apparent
in figure 2(b) for Case 2, where deformation appears more homogeneous. Figure 2(c) presents the experimentally measured contour
plots of the accumulated plastic axial strain, which reveal that the predicted local strain measurements are in agreement with those in the
actual deformed specimen. In both cases, the central region of the
shear bands is tilted approximately 25° from the transverse direction.
However, the predicted magnitude and distribution of the accumulated
plastic axial for Case 2 are closer to those in the actual specimen than
Case 1. Figure 3 shows the corresponding plastic strain distributions
across the specimens for Case 2 after 5 and 1% true strain. Here,
p
F11p − 1 , where
the plotted strain quantity is simply defined as ε=
11
the subscript ‘11’ represents the axial component of the plastic deformation gradient, which coincides with the rolling direction (RD).
Qualitatively, both Cases 1 and 2 predict the distinct formation of an
inclined macroscopic shear band, which extends across the width
of the specimen, in agreement with the local strain measurements
in the actual deformed specimen. In both cases, the central region
of the shear bands are tilted approximately 25° anti-clockwise from

p

Case 2 (max ε11 = 0.36 )

b)
0.0

0.

0.122

The calibration of the model’s parameters was inspired by those reported for pure aluminum by [21]. In order to account for the increase
in yield strength from solid-solution strengthening, the initial value
of the slip resistance, S α , was adjusted to provide a suitable yield
strength value associated with the Al–0.5% Mg alloy. For details about
the implicit numerical implementation of the above constitutive theory
into the finite element method, refer to ref. [16].

ε11p

0.100



0.12
2

N

∑ ρTβ − 2de ρeα 

0.079

and

Ce 
Ke
bα 

58

ρeα

the transverse direction, similar to the measurements on the actual
deformed specimen. However, they differ from each other as well as
from the actual specimen in terms of the magnitude and distribution
of the accumulated plastic axial strain. In Case 1, a rather sharp and
highly localized shear band is predicted in the middle of the gauge
section, with local strains more than seven times greater than the
macroscopically applied uniaxial strain. In the surrounding regions,
the plastic strain distribution is uniform and significantly lower, indicating that the bulk of the plastic deformation in the specimen is now
accommodated within the band. In contrast, the Case 2 assumption
leads to the development of a less intense shear band in the same
region, which agrees more closely with the experimental evidence.

0.0

The evolutionary equations of the individual dislocation densities account for the competing dislocation storage-dynamic recovery processes and are expressed as [19,21],

Case 3 (max ε11p = 0.185 )

Figure 2 - Comparison between the predicted and experimentally measured
p
distributions of accumulated plastic axial strain ε11 in the polycrystal
for (a) Case 1 (uniform lattice orientations within each grain), (b) Case 2
(intragranular lattice misorientations) and (c) the actual tensile specimen
after 12% true strain [63].
11
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Figure 3 - Comparison between the accumulated plastic axial strain profiles
along the specimen center line at 5% and 12% true strains. The open symbols are experimentally measured values [63], and the solid lines are the
Case 2 predictions.

These results are consistent with a recent study on a Cu tensile specimen [19], which showed that the presence of intragranular misorientations serves to redistribute plastic strain and reduces the extent of
the strain localization region, resulting in a higher average deformation within each grain.
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Figure 4 - The effect of intragranular misorientations on (a) thin and (b) bulk polycrystals. In (a), the experimental true stress–strain data from [63] is included
to highlight the higher work hardening rate associated with the presence of intragranular lattice misorientations.

Effect of lattice misorientations on macroscopic stress-strain behavior
The difference in the macroscopic behavior of the polycrystal specimen for the case with and without intragranular lattice misorientations
is shown in figure 4. The figure reveals that a higher work-hardening
rate is predicted when lattice misorientations within the grains are accounted for, in agreement with the measured stress–strain response.
The sensitivity of the macroscopic response to the inclusion of intragranular misorientations stems from the small number of grains in
the microstructure. When high-angle boundaries are few and far between, deformation behavior is primarily dictated by the significantly
larger number of low angle grain boundaries. This suggests that the
mechanical behavior of such quasi two-dimensional polycrystals is
more sensitive to grain substructural changes than bulk polycrystalline specimens. To confirm this, a simple study was carried out on
bulk polycrystalline Al represented by an 8-grain representative volume element (RVE) with imposed periodic boundary conditions. The
predicted macroscopic responses of the polycrystalline RVE up to
10% tensile strain are given in figure 4(b). It can be seen that, when
compared with the thin polycrystal response of figure 4(a), the influence of intragranular misorientations in the polycrystal aggregate is
negligible.
Additional results reported by [21] showed that a change of one most
dominant grain in the polycrystal from a ‘soft’ to ‘hard’ initial orientation in relation to the direction of applied loading, resulted in a significant change in deformation behavior of the specimen, leading in turn
to a stronger macroscopic polycrystalline response and a change in
location of the localized deformation region. It could then be implied
that shear bands can be expected to typically initiate in, and propagate through, grains with ‘soft’ orientations, thus avoiding grains with
‘hard’ orientations. Thus, in such thin polycrystalline specimens, a
shear band need not necessarily follow a continuous straight line path
but would take a path dependent upon the crystallographic orientation
of the grains.
In summary, the results reported in this section have shown that a dislocation density based crystal plasticity model is capable of capturing
the development of a macroscopic shear band identified experimentally. It has also been found that intragranular misorientations exert a
strong influence on the deformation behavior of such polycrystals,
where the total number of grains is small. However, their influence

diminishes when the number of grains increases and is effectively
negligible when bulk polycrystals are considered. At the local level,
the prediction of the accumulated plastic axial strain distribution was
found to be consistent with the experimental trend.
Non-local single crystal approaches
Most continuum approaches and formulations dealing with
experimentally observed size effects in metallic materials are based
on strain-gradient concepts and are known as non-local theories
since the material behavior at a given material point depends not
only on the local state but also on the deformation of neighboring
regions. Gradient-dependent behavior becomes important once the
length scale associated with the local deformation gradients becomes
sufficiently large when compared with the controlling microstructural
feature (e.g., average grain size in polycrys-tal materials). In such
cases, the conventional crystallographic framework discussed in the
previous sections will be unable to predict properly the evolution of
the local material flow stress. Examples of such phenomena include
particle size effects on composite behavior (e.g., [50]), precipitate
size in two-phase single crystal materials [16,49], increase in
measured micro-hardness with decreasing indentor size (e.g., [60]),
and decreasing film thickness (e.g., [41]), amongst others.
The modeling of size effects in crystalline solids has been addressed
by adding strain gradient variables into the constitutive framework,
either in an explicit way in the flow rule (e.g., [6]); or in the evolutionary equations of the internal slip system variables (e.g., [4,12,16]),
or by means of additional degrees of freedom associated with higher
order boundary and interface conditions (e.g., [57]). The resulting
strain gradient components are related to the dislocation density tensor introduced by Nye [51]. For the later, the dislocation density tensor is computed from the rotational part of the gradient of plastic
deformation, so the resulting partial differential equations to be solved
are generally of higher order than those used in classical mechanics.
In what follows, examples of the last two types of formulations will
be discussed.
Non-local models based on internal strain gradient variables
The more physically intuitive continuum approaches to describe strain
gradient effects are constitutive theories (e.g., [4,9,12,16,20,29])
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which rely on internal state variables to describe the evolution of
the obstacle or dislocation network within the material and generally
introduce the strain gradient effects directly in the evolutionary laws
of the slip system internal variables without the need for higher order
stresses. This requires that the overall slip resistance arising from
α
the dislocation network, S dis
(see eq. 11), incorporates contributions
from both statistically stored (SS) and geometrically necessary (GN)
forest dislocations.
The general form for the functional dependency of the slip system
internal variable evolutionary laws, extended to include the additional
dependency on the GNDs and the gradient of the slip rates, ∇γα , is

{

s

{

s

ρ1α = ρˆ1α γα , ρ1α ,..., ρ nα + n ,θ


G

}

ρ nα = ρˆ nα γα , ρ1α ,..., ρ nα + n ,θ
s

s
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ρ n + n

G

s

G

{ γ

α

α

G

α

(17)

}
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ρ n +1 γ , ρ n +1 , , ρ n + n , ∇γ , θ

s

s

G

α

, ρ ns +1 , , ρ ns + nG , ∇γ , θ

}

where ns and nG denote the number of SSD and GND types, respectively. Consider the particular case where ns = 2 and nG = 3 .
Then, the total dislocation density on an arbitrary slip system becomes,

(
) (
)
where ( ρ α , ρ α ) are the SS densities and ( ρ α , ρ α
α
α
α
ρTα = ρeα + ρ sα + ρGs
+ ρGet
+ ρGen

(18)
α

Get , ρGen

)

the GND
densities, which have in addi-tion, been discretized into pure edge
and screw components. Note that the inclusion of the out-of-plane
edge dislocation density component accounts for dislocation segments, which may either have a non-planar orientation or an out-ofplane kink component with respect to the slip plane.
e

s

Gs

The evolution of the GNDs can be expressed in terms of a mathematically equivalent GND density vector, ρGα , defined so that its projection into the local (mα , nα , tα ) orthogonal reference system is as
follows [16,19],
α
α α
α
ρGα = ρGs
mα + ρGet
t + ρGen
nα

Subsequently, the evolutionary law for each set of GNDs is determined from Nye’s dislocation density tensor, Γ [51], in terms of the
spatial gradient of the slip rate,

(

)

(

Under small strains and rotations, eq. 20 simplifies to
1
α
ρGs
= α ∇γα tα
b
1
α
ρGet
= α ∇γα mα
b
α
ρGen
=0

)

(20)

⋅

⋅

An application to the prediction of deformation in a channel die
compression test
In this section, a study by Abrivard [1] about the deformation heterogeneities and grain fragmentation induced by the deformation of
pure Al in a channel using the non-local single crystal formulation
described in the previous section [19] is summarized. Such type
of test is generally used to simulate cold rolling of aluminum, see
figure 5. Here, the die imposes a nominally plane strain deformation gradient on the metal similar to that experienced by the aluminum passing through a rolling mill. Furthermore, the channel walls
suppress the lateral material flow and induce heterogeneous lateral
stresses in the deforming material. Details about the experiment can
be found in [1].
v
Punch

F
x2

l
x1

Channel
Die
Sample

h

x3 -RD
b

(19)

p
α
α α
α
Γ curl γα nα F=
=
bα ρGs
mα + ρGet
t + ρGen
nα

The slip resistance contributions from the SSDs and GNDs can then
be determined from eq. 13, using the definition of the overall dislocation density given by eq. 18. This class of theories has been shown
to be capable of providing a good physical insight into the effects
of microstructure on the observed macroscopic phenomena, including rate-independent plastic deformation and visco-plasticity in both
single crystal and polycrystalline materials. An additional attractive
feature of these theories is that they are relatively easy to implement
numerically and do not require higher order stresses and additional
boundary conditions or independent degrees of freedom. However,
some of their limitations are that (i) they are unable to describe problems that may require non-standard boundary conditions, such as
the boundary layer problem modeled in [57] and that (ii) they may
exhibit a mesh sensitivity in cases where there is a predominance
of geometrically necessary dislocations relative to statistically stored
dislocations [20].

(21)

Figure 5 - Channel die compression test layout

The investigation of in-grain subdivision and inter-grain misorientations in a polycrystalline aggregate requires that the local density of
geometrically necessary boundaries (GNB) be accounted for. The
polycrystal material used in the channel die test model was assumed
to be composed of a random distribution of grain orientations, with
the initial texture as shown in figure 5(a). Here, polycrystalline aggregates containing either 20 or 40 grains with an average 100 μm size
were considered in this study. Boundary conditions were applied such
that a sample height reduction by compression along the x2 axis (ND)
of up to 60% was achieved. The numerical results of the deformed
aggregate under plane strain compression are discussed next.
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TB

TB

RD

{001}

a linear interpolation and the latter subsequently used to evaluate the
evolution of the individual GND densities as per eq. 19 and 21.

{-111}

RD

{011}

Figure 6 - (a) {111} pole and {001} inverse pole figures showing the
polycrystalline aggregate initial grain orientations and (b) {111} pole figure
after 60% height reduction

During deformation, grains rotate and break into subgrains with different slip system activity. As GNDs build-ups are associated with gradients of slip-rate, the number of GNDs increases signifi-cantly inside
the grains. Contrary to the second gradient and Cosserat theories, no
term in the free energy penalizes their development. Therefore, the
determination of slip-rate gradients with the non-local theory used
here could be sensitive to the mesh size. In order to attenuate this
problem when solving the evolutionary laws for the GNDs densities, a
quantity defined as A = γ α nα F p is calculated at the Gauss point of
interest, as well as at neighboring ones found within a critical distance
linked to the GNDs spread from the grain boundary [45]. Here, that
distance was assumed to be given by the mean grain size. The field
of the quantity A is then used to compute curl(A) at that point through

Figure 7 shows the predicted (a) accumulative inelastic strain contours and (b) the corresponding accumulated lattice rotations up to
30% compression. It can be seen that the predictions reveal deformation heterogeneities: grains break up into macroscopic deformation
bands aligned along the 40° shear directions (towards the rolling direction, x3-axis in figure 5). This deformation process leads finally to
the formation of a micro-band structure as straight dense dislocation
walls run parallel to each other along preferred directions, leading
to the multiplication of GNDs inside the grains. Since GNDs accommodate lattice incompatibilities in regions where the deformation is
inhomogeneous, their local density can be related to the local lattice
curvature described by the predicted accumulated lattice rotations in
figure 7(b). It can also be seen that rotation bands are found in the
same grains as those that have developed deformation bands.
Substructure description
During the deformation of high stacking fault energy of pure metals
such as Al and its alloys, grains generally develop substructures,
which may be classified into two different types: incidental dislocation
boundaries (IDB) and geometrically necessary boundaries (GNB), see
figure 9. These two types of boundary form differently: IDBs do so
by the random trappings of glide dislocations, while GNBs form to
accommodate the increasing subdivision of grains during confined
deformation into smaller regions with rather different lattice orientations. IDBs are made up mostly of statistically stored dislocations,
which do not contribute significantly to a net lattice rotation, whereas
GNBs are composed of excess dislocations, which are geometrically
necessary and contribute to the net lattice rotation. The size of either
such regions or dislocation cells depends on the deformation level,
the grain orientation and the loading path. At small strains, GNBs form
elongated cell blocks surrounding regions that are almost dislocation free. At larger levels of strain, the average GNB misorientation
increases and their spacing decreases.
IDBs

a)
0

-3.1°
0.2286

0.4571

0.6857

0.9143

1.143

1.371

-2.8°

-1.1°

-2.1°

GNBs

Figure 9 - Schematic representation of a grain subdivided into regions delimited by geometrically necessary boundaries (GNBs) and intense dislocation
boundaries (IDBs) [46]

b)
0

6.53

13.1

19.6

26.1

32.7

39.2

Figure 7 - (a) Accumulated inelastic strain contours
(b) Corresponding lattice rotations distribution after 30% height reduction

Under large deformations, IDs can be further sub-divided into dislocation cells whose sizes are generally reported to be less than 3 μm
for pure aluminum. Thus, since the smallest finite ele-ment size used
in the simulations is of the order of 4 μm, the model resolution is
insufficient to describe the formation of dislocation cells explicitly.
Nevertheless, it will be shown here that it is possible to predict the
fragmentation of the grain in a realistic way. An example is shown in
the inverse pole figure of figure 10 of the polycrystal aggregate after a
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40% height reduction. The grain fragmentation is underlined through
the relative misorientation between neighboring points, which have
been superimposed onto the inverse pole figure of the aggregate.
Here, black points or lines represent material points with neighboring sites having a relative lattice misorientation of at least 15°, blue
points those with misorientations of between 5° and 15°, and gray
points with those between 1° and 5°. From such type of information,
as well as the local dislocation densities, it is possible to estimate the
cell size statistically. It should be noted that TEM observations have
shown that cell shape can vary with the grain orientation, here such
dependency was not considered for simplicity.
In order to determine the cell size from the spacing between intense
dislocation bands (IDBs) formed by the random trappings of glide
dislocations, a relation was used by [1] which relies on statistically
stored dislocation densities such that,
d IDB =

K IDB

ρ SSD

					

(22)

where K IBD is a parameter to be calibrated from experimental
data. From the IDB measurements on pure Al reported by [42],
K IBD = 8.5 . The resulting predicted IDB spacings calculated at each
integration point of the FE model are plotted in figure 11(a) as a cloud
of gray points, with their average predictions given by the red line. It can
be seen that a broad range of IDBs spacing is found for the same level
of equivalent strain and that the associated average predicted curve
exhibits the same trend as the experimental data reported by [42].
Since geometrically necessary boundaries (GNBs) are also generated
between regions to accommodate the lattice rotation differentials,
only geometrically necessary dislocations are taken into account in a
relation of the same type as that of eq. (22),
dGNB =

KGNB

(23)

ρGND

where K IBD = 8.5. In figure 11(b), the predicted GNB spacing vs.
the equivalent strain is in good agreement for strains greater than
25 %. Experimental data from [42] showed that GNB spacing ranges
from 3 μm for strains of approximately 12% to 0.3 μm for 100%
strain, just in the limits of the FE model resolution. Thus these results
should be perceived as a statistical average.
10

100.0 µm=100 steps

Figure 10 - [001] inverse pole figure of the polycrystalline aggregate after
40% height reduction

The above numerical predictions of the confined deformation behavior of an aluminum aggregate using a non-local dislocation density
based crystal plasticity framework have shown to capture the main
characteristics of the deformation heterogeneities seen experimentally, such as grain fragmentations and the development of deformation
bands. Such realistic simulations are obtained despite the inherent
spatial resolution limitations of the finite element model in the channel
die compression test.
Non-local models based on the mechanics of generalized continua
Approaches based on the so-called mechanics of generalized continua
incorporate, as a common feature, extra-hardening effects associated
with the dislocation density tensor. Generalized crystal plasticity models developed in the past forty years can be classified into two main
groups. In the first one, strain gradient plasticity models involve either
the rotational part of the plastic distortion (i.e., the plastic rotation), its
full gradient, or just the gradient of its symmetric part [32,36,37,58].
The second group involves generalized continuum theories with additional degrees of freedom accounting for either the rotation or the
full deformation of a triad of crystal directors and the effect of their
gradients on hardening, such as Cosserat-type models [22,33], and
those based on the micromorphic theory [11,23,24,25,31].
Most of these theories have been shown to capture size effects, at
least in a qualitative way. However, a clear demonstration that they can
reproduce the scaling laws expected in precipitate hardening or grain
10
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Figure 11 - Comparison between the predicted and experimental (a) IDB and (b) GNB spacing
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size effect has not been fully provided yet. The additional hardening effects inherent in generalized continuum crystal plasticity models can
be summarized by the main fea-tures identified in figure 12. Here, the
effect of the dominant microstructural length scale, l, such as grain
or precipitate size, on the material flow stress, is shown schematically
in a log–log diagram. The curve can be characterized by three main
features: the stress range, ∆Σ , the characteristic length, lc, and the
slope of the intermediate region, defined by a scaling law of the form,
Σ ∝ l n at l=lc. Here, ∆Σ corresponds to the maximum increase
in strength due to size effects relative to the size-independent level.
Figure 12 shows that when the characteristic size of the microstructure decreases, the material strengthens. For large values of l, the
asymptotic behavior corresponds to the size-independent response
of conventional crystal plasticity models reviewed in a previous section. In contrast, for small values of l, a bounded or unbounded asymptotic behavior can be obtained, depending on the type of model
considered. Cosserat-type crystal plasticity models (e.g., [33]), for
instance, predict an asymptotically saturated over-stress ∆Σ as in
figure 12. In the intermediate region, when l is close to the characteristic length, lc, the size-dependent response is characterized by
the scaling law, Σ ∝ l n . The parameters ∆Σ, lc and n can be derived
explicitly for the different classes of generalized material models described above. However, an analytic description of the size-dependent
behavior of materials is possible only for some specially simplified
geometrical situations. Examples are the shearing of a single crystal
layer under single (or double) slip for strain gradient plasticity models
considered in [13,23,24,25,43,57], and the single slip in a two-phase
laminate microstructure by [34].
When crystal plasticity is considered under small strain assumptions,
the gradient of the velocity field can be decomposed into the elastic
and plastic distortion rates:

 = u ⊗ ∇= H
 e +H
p
H

(24)

where

 p = ∑ γα Pα
H

(25)

Flow stress, ∑

α

Scaling law ln

∆Σ
n
lc
Microstructural length scale, l

Figure 12 - Effect of the dominant microstructural length scale, l, on the material flow stress, ∑ , predicted by various types of models, such as those
exhibiting two asymptotic regimes (solid line) and others that exhibited an
unbounded flow stress for small length scales (dotted line). Also included is
the scaling law in the transition domain (dot-dashed line) [43]

with, u, the displacement field, α the number of slip systems, γα the
slip rate for the slip system α , and Pα as defined in eq. 6. The elastic
distortion tensor, H e, which represents the stretch and rotation of the
lattice, links the compatible total deformation, H , with the incompatible plastic deformation, H p, which describes the local lattice deformation due to the flow of dislocations. On account of eq. 24 and since
applying the curl operator to the compatible field represented by H is
equal to zero, it follows that

 = 0= curl H
 e + curl H
p
curl H

(26)

The incompatibility of the plastic distortion is characterized by its curl
part, also known as the dislocation density tensor or Nye’s tensor
[4,51,58], defined as

Γ=
−curl H p =
curl H e

(27)

The tensors H, H e, and H p, are generally non-symmetric, thus they
can be decomposed into their symmetric and skew-symmetric parts:

H=
E + W, H e =
Ee + W e , H p =
Ep + Wp

(28)

Combining eqs. 26 and 28 leaves
0 =curl Ee + curl W e + curl H p

(29)

Neglecting the curl part of the elastic strain, Ee , leads to the following
approximation of the dislocation density tensor derived by Nye:

Γ =curl H e =curl Ee + curl W e ≈ curl W e

(30)

Thus, Nye’s formula sets a linear relationship between the dislocation
density tensor and the lattice curvature defined by W e . The Cosserat
crystal plasticity theory accounts for the effect of lattice curvature on
the crystal hardening behavior by incorporating the three additional independent degrees of freedom associated with the components of the
lattice rotation, W e. In contrast, theories such as those proposed by
[36] and [59], for example, include the full curl of the plastic distortion, H p , as an independent internal variable of the constitutive model.
This requires, in general, nine additional degrees of freedom associated with the generally non-symmetric plastic distortion tensor, H p.
This sub-class of models is sometimes referred to as ‘curl H p ’- type
[23]. A consequence of neglecting the curl of the elastic strain tensor
in Cosserat-type models is that Cosserat effects can arise, even in the
elastic regime, as soon as a gradient of ‘‘elastic’’ rotation exists (i.e.,
curl W e ≠ 0 ). This implies that as soon as the curl Ee ≠ 0 , the
curl W e ≠ 0 . In contrast, in the curl -type theories, strain gradient
effects can only arise when plastic deformation has developed. As
has been shown in [23], this can lead to discontinuities in the generalized tractions at the interface between elastic and plastic regions.
For the curl H p -type models, it is necessary to identify numerically
higher order boundary conditions at the elasto-plastic boundaries,
which poses difficulties in the numerical implementation of this type
of formulations, as discussed in [23].
To overcome the limitations of both the Cosserat and curl H p-type
theories, a new regularization method has recently been proposed by
Cordero et al. [23] (see also [24,25]). Their model, which they have
called microcurl, falls into the class of generalized continua with additional degrees of freedom. Here, the effect of the dislocation density
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The microcurl model was applied to study the global and local responses of two-dimensional polycrystalline aggregates with grain
sizes ranging from 1 to 200 microns (For full details about this work,
refer to [25]). A typical result from this work about the effect of grain
size on the way plastic deformations in polycrystals evolve is shown
in figure 13 for a 52-grain aggregate. These contour plots show the
field of equivalent plastic deformation, ε p, defined as the time-integrated value of

2 p p
(31)
H :H
3
From figures 13(a) and (b), it can be seen that, at the onset of plastic deformation, plasticity starts in the same grains and at the same
locations in 100-μm grains as in 1-μm grains. This is due to the
fact that the same critical resolved shear stress is adopted for both
grain sizes, that is, the same initial dislocation densities are assumed
in both cases. In contrast, at higher mean plastic strain levels, the
strongly different values of the plastic micro-deformation gradients
lead to significantly different plastic strain fields. Two main features
are evidenced in figure 13(c) to (f). Firstly, a tendency to strain localization in bands is observed for small grain sizes. The strain localization bands cross several grains, whereas plastic strain becomes
more diffuse at larger grain sizes, which is something that had already
been seen in the simulations presented in [24]. Secondly, a consequence of this localization is that some small grains are significantly
less deformed than the larger ones. These features are also visible on
the plastic deformation maps of figure 13 for the same aggregate but
different grain sizes. This figure also shows the field of the dislocation
density tensor norm:

d=4 µm
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An application of the microcurl model to study the deformation behavior of a polycrystalline aggregate

ps >=4.10-7
< χ12

d=100 µm

tensor is introduced into the classical crystal plasticity framework by
means of the micromorphic theory of single crystals. It relies on the
p
introduction of an additional plastic micro-deformation variable, χ ,
a second-rank generally non-symmetric tensor. It is distinct from the
plastic distortion tensor H p , which is still treated as an internal variable of the problem, in the same way as in curl H p-type theories. For
p
the general three dimension case, the nine components of χ are
introduced as independent degrees of freedom. For full details about
the microcurl theory, the reader is referred to [18,23,24,25].

p

Figure 13 - (a)–(f) Contour plots of the accumulated plastic strain ε for
two grain sizes, d = 100 and 4 μm, and different mean values of the plastic
ps
strain: χ12 ≈ 0.0, 0.01 and 0.02, obtained with a 2D 55-grain aggregate
under simple shear, (g) macroscopic stress–strain response of the corresponding aggregate, with the letters indicating the different loading steps corresponding to the (a)–(f) contour plots [23]

d=10 µm

d=2 µm

d=100 µm

(32)

This scalar quantity indicates the presence of GNDs and has the physical dimension of lattice curvature (mm−1). In large grains, GNDs are
mainly located close to grain boundaries. At smaller grain sizes, the
GND densities become significantly greater and spread over larger
zones within the grains. Note also that pile-up like structures close to
grain boundaries are clearly visible in the 10-μm grain aggregate. It
should be noted that strain gradient plasticity models may be prone
to strain localization when plasticity is confined to small regions.
The reason for such behavior is that intense slip bands that exhibit a
strong gradient of plastic slip perpendicular to the slip plane are not
associated with GND formation. In contrast, regions of high lattice
curvature or kink bands lead to an energy increase. This explains why,
at small scales, intense slip bands are preferred to strongly curved
regions and pile-ups.

0

1.2

2.3

3.5 4.7 5.8 7.0 8.1

9.3 10.5
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Figure 14 - Grain size effect on the accumulated plastic strain, (top figures), and on the norm of the dislocation density tensor, (bottom figures).
These contour plots are obtained with the 2D 55-grain aggregate for the
ps
same mean value of χ12 = 0.01. The color scale for the plastic strain field
of the top figures is the same as that of figure 12 on the right. The color
scale at the bottom is that for the dislocation density tensor fields [23]
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microcurl model
Data for PWA - 1480 (760°C)[Duhl,1987]
Predictions for CMSX4 (850°C) [Busso et al., 2000]

180
160

Size effect (MPa)

140
120

68% γ ' precipitates), the predictions of Busso et al. [16] and that
obtained using the microcurl model [25] are shown. It can be seen
that the microcurl model is able to simulate a precipitate size effect
naturally. Moreover, the identified characteristic length, lc=200 nm, is
approximately the matrix channels width in Ni-base superalloys.

100
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-20
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Figure 15 - Comparison between experimental data, in the form of precipitate size vs. size effect strengthening from a two-phase material (elastoviscoplastic γ phase matrix with an embedded 68% quasi-elastic γ '
precipitates) from Duhl (1987), the prediction of [16] and that obtained
using the microcurl model [25]

In summary, the microcurl model was found to naturally predict a
size-dependent kinematic hardening behavior, which is responsible
for the observed strong size effects. Furthermore, the study showed
that the flow stress attained at a given averaged plastic strain follows
a power law scaling relation with the grain size, for grain sizes larger
than a critical value. Likewise, the predicted plastic deformation fields
were found to be strongly affected by grain size, with micron-size
grain regions exhibiting the formation of intense slip bands crossing
several grains. Finally, the dislocation density tensor, Γ χ , was found
to impact not only the overall polycrystal behavior, but also to control
the way in which plastic deformation develops within the grains.
In Cordero et al. [23], it was shown that the microcurl approach could
also be successfully used to predict experimentally observed precipitate size effects in two-phase single crystal nickel based superalloys.
This is shown in figure 15, where a comparison between experimental
data, in the form of precipitate size vs. size effect strengthening from
a two-phase superalloy material ( γ phase matrix with an embedded

The various constitutive modeling approaches that address a broad
range of phenomena at either the single crystal or the polycrystalline
levels have been discussed. This overview has also highlighted the
rich variety of physical, computational and technological issues within the broad area of micromechanics, which have been successfully
addressed, and has identified some theoretical and computational difficulties and challenges for future developments. Recent advances in
measuring and observation techniques, such as 2D and 3D image
correlation, tomography, high resolution EBSD, in-situ TEM and SEM
testing, combined spectroscopy and SEM, computational power and
parallel processing are opening great new opportunities for the validation and implementation of predictive crystal plasticity based models.
In this overview, it has been shown that size effects can be captured
realistically by the curl of the plastic strain, or dislocation density tensor; however a better accounting of physical properties via crossgraining (multi-scale links) is needed. In future research, statistical
effects will also need to be considered more thoroughly. The effects
of grain dislocation substructures are also still too phenomenological. Crystal plasticity is also increasingly relied upon to study grain
boundary - dislocation interaction (e.g., pile-ups) phenomena. Moreover, the coupling of crystal plasticity with phase field approaches to
study grain complex phenomena, such as grain boundary / inter-face
migration or phase transformation has now became a reality. However, even though it is still computationally too expensive, its potential
is huge. Finally, the coupling of multi-physics approaches with crystal
plasticity to account for time-dependent processes (e.g., dislocation
climb, point-defect diffusion, irradiation damage) has recently been
shown to be a logical and promising evolution and to open up exciting
new opportunities to study complex coupled phenomena 
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the Macroscopic Behavior and
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Fast Dynamic Loadings

T

he presented research works have been done at ONERA – The French Aerospace
Lab, in collaboration with many academic and industrial partners. They are aimed
at improving the safety and protection of passengers and crew in aircraft transport,
thanks to an increased resistance of structures and decrease of high energy impacts
vulnerability. This paper gives an overview of recent progress made in the experimental
and numerical fields to better predict the dynamic behavior and strength of primary
structure materials. In this frame, the particular questions of the mechanical characterization and numerical modeling of behavior and damage laws, of crack initiation and
propagation, and of failure (be it ductile or fragile) are addressed. The described results
concern both bulk materials (e.g., metals) and structured materials (e.g., composite
laminates), at the macroscale level for the former and mesoscale level for the latter.

Introduction
One of the main missions of ONERA – The French Aerospace Lab,
is to perform applied research in the Aeronautic and Space fields,
for military and civil applications. The ONERA researchers of the
Materials and Structures Scientific Branch are interested in Material
Sciences (to produce knowledge and models), in Process and Technologies (to mature the readiness level of innovations) and in Applied
Mathematics (to develop the numerical tools that will integrate fundamental concepts into new aircraft concept design). The works in this
paper, performed in the ONERA Aeroelasticity and Structural Dynamics Department, contribute to the achievement of these objectives.
The design and manufacturing of structures is one of the main skills
of the airframe and engine industry: any aircraft or spacecraft is a
propelled vehicle, the first requirements of which include lightness
and mechanical strength. These basic properties are directly linked to
their constitutive materials. Due to specific application requirements
(civil transport, space, defense, etc.), a large variety of properties,
and hence performance-driven aerospace materials, must be studied
and developed. Among the most common material properties are the
weight, mechanical stiffness and strength, thermal stability and durability (ageing and fatigue), but more exotic ones should also be considered, such as stealth and conductivity or, also recently, environmental ones, etc. Metallic and organic matrix composite materials are

both massively, but not solely, used today in the aircraft, rotorcraft,
power plant, missile and spacecraft industry. One of the research
objectives discussed hereafter consists, on the one hand, in studying
their properties and, on the other hand, in developing knowledge and
numerical models that will help the European industry to design, size
and optimize improved or innovative flying structures of the next decades. From this perspective, the increase in the use of composite
materials (especially organic matrix based ones) and their hybridization with metals seems inevitable, despite all of the processing and
modeling difficulties that this trend still presents. This challenge cannot be viably addressed without the structural design question being
considered as a whole. Obviously, material weight and mechanical
stiffness cannot be separated from structural dynamics issues (hence
aeroelastic coupling, fatigue vibrations, acoustic nuisance, etc.). The
material thermal and mechanical strength cannot be separated from
structures life-expectancy, damage tolerance and vulnerability issues.
Finally, the material manufacturing and assembling processes cannot
be dissociated from aerospace structure design optimization, reliability and safety issues.
Consequently, the ONERA research activities in the material and
process fields are closely connected to taking into account the operational environment of the final structures. In particular, this paper
describes a research that is mainly aimed at improving structural safety for crew and passengers, by increasing the mechanical strength

Issue 9 - June 2015 - Prediction of the Macroscopic Behavior and Rupture of Structural Materials

AL09-04

1

against highly dynamic and high-energy harmful situations (either intentional or accidental). Such situations may of course also suddenly
and definitely reduce the aircraft exploitation expectancy below that
expected by initial design durability considerations. The research topics concern the understanding and prediction of the dynamic behavior and rupture of materials relative to structure bearing loads, such
as impacts, crashes, or even explosions. These topics are not specific to Aeronautics and Space, they are more broadly of interest for
Defense (Land, Marine, etc.), and also remarkably for Civil Transport
(crashworthiness). Nevertheless, aerospace specificities exist here,
arising from the use of different kinds of materials and processes,
or simply because of different threats that must be considered (e.g.,
bird strike, hail impact, ditching, etc.). Compared to other industry
sectors, these threats also differ in their range of load parameters (impact speeds and energy levels). In any case, fast dynamic structural
analysis using Finite Elements Methods (FEM) has been greatly developing over the past decades in the aerospace industry, with ONERA
being involved in many developments and with all of the previously
mentioned impact scenarios being studied, such as bird strike [26]
and hail impact [34], as well as flying stones, tires or fragments, or
crashworthiness [11] [13] [14], ditching [37] and hydrodynamics in
the fuel tanks [9] [12] [15] [39].

occur, for instance at impact points or in singular parts (because of
the geometry and/or assembly [22] [23] [27] [28] [38]). The experimenter then faces several difficulties to answer the numericist who
wants to run his model. The first is that no unique standard and universal dynamic testing machine exists to cover the previously mentioned large strain and strain rate ranges: the experimenter needs to
have several testing machines available in the lab and to be skilled
in their use, mainly hydraulic machines and Hopkinson bars here for
the subsonic range of impacts considered [20] [21]. Second, while
performing dynamic testing can be considered to be quite easy, the
difficulty lies in succeeding to obtain proper results from it that will
definitely and objectively enable the intrinsic behavior parameters of
the tested material to be characterized. Third, due to the destructive
nature of these tests (up to rupture) and the possible model complexity (e.g., in the case of damageable anisotropic and unsymmetrical
composite materials), the experiment plan can become very large,
with highly expert exploitation work being needed: the characterization issue for such models can eventually become questionable with
respect to the modern aircraft development cycle, including cost and
time (“too many tests kill testing”).
This paper introduces some basic concepts to properly deal with
these difficulties and points out some noticeable recent developments concerning experimental and numerical strategies, which will
contribute to the improvement of the material and structure dynamic
resistance prediction capabilities in the aerospace domain. It focuses
more specifically on the characterization and modeling of macroscopic (e.g., for bulk metals) and mesoscopic (e.g., for OMC composite
laminates) dynamic material behaviors, including some aspects related to crack initiation, propagation, and rupture.

In order to study such events using numerical simulation codes, increasingly more complex material models are required for metals and
composites, in order to take their highly non-linear and rupture dynamic behaviors into account. The authors will not discuss the numerical
methods (basically natural finite elements, but possibly extended-FE or
particle based methods when a complex numerical description of rupture is required), the numerical formulations (mainly Lagrangian, but
not solely when very large material transformations are considered),
or the resolution algorithms (explicit in this case, to solve transient regimes due to wave propagation equations in continuum media, parallel,
etc.) in this paper. They will also not discuss the numerical simulation
of other mechanical problems involved, such as contact, friction, heat,
etc.). Let us just say that the standard numerical tools used to perform
fast dynamic structural analysis are not a priori energy conservative,
stable or convergent and that their predictive capabilities are not necessarily and sufficiently linked to the material model accuracy or the mesh
size. Concerning rupture, it is also important to understand that the
point here is not to simply predict its appearance, but rather to simulate
its propagation within a large structure until a transferred part of the
impact energy is internally (deformation) or kinetically (fragmentation)
dissipated or accommodated. In the end, a relevant material behavior
and rupture model for explicit structural finite element simulations must
be understood as a compromise between model accuracy (meaning
complexity) and calculation efficiency (CPU cost and robustness).
This is the reason why the development of enhanced dynamic material
models available in fast dynamic structural tools is still often performed
separately to their quasi-static counterparts. It also explains why these
dynamic models mostly cope with the macroscopic or mesoscopic
material responses, and why they were historically empirical ones.
More phenomenological models are proposed today in the explicit code
library, which can sometimes be thermodynamically based (French
school), but none of them are yet physically or mechanistically based
on the purely material sense.

Presentation of the medium speed dynamic testing
machines and associated experimental protocols

These material models still require characterization tests to identify
their mechanical parameters. Now, in these studied impacted structures, the strain and strain rate range is a broad continuum, with areas
experimenting very high levels of both, where location phenomena

The topic of interest here concerns the characterization and identification of non-linear material models in the [1.10-3 s-1, 1.10+4 s-1]
medium range of strain rates. Let us recall that the main objective
of the proposed experiments is theoretically to perform uniaxial

The first part of the paper presents specificities and inherent difficulties in the use of dynamic jacks and small size test specimens to
characterize the dynamic behavior of materials, compared to the use
of quasi-static machines and normalized specimen geometry at lower
strain rates. The second part of the paper discusses the measurement, the signal processing and the exploitation of the data that will be
used to identify material model parameters under dynamic loadings,
for non-linear behaviors (stress/strain curves). In particular, solutions
that can be used to solve various issues, such as vibratory noise and
inhomogeneity of experimental responses in space (in the specimen)
and in time (during the test) are described. While the two previous
parts of the paper address metallic and composite materials as well,
the third focuses only on organic matrix composite materials, which
are very fashionable at the moment in the aeronautical sector and
hence at ONERA. These composite materials, which are by nature
heterogeneous and anisotropic, associating polymeric matrices and
various fiber reinforcements, exhibit very complex behaviors, which
are non-linear, damageable, viscous and highly dependent on temperature and that turn out to be a modeling challenge compared to
metallic materials under dynamic loadings. Last, general conclusions
and some research outlooks conclude the paper.
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Figure 1 - INSTRON Hydraulic Jack (on the shelf, left), SCHENCK hydraulic machine (specific design, middle) and
ONERA Titanium test rig developed for the SCHENCK facility (right)

load tests, monotonous from rest to rupture, tension and/or compression, at constant strain rate. One could think that such uniaxial
mechanical tests at non “extreme” speeds would be perfectly mastered today, which is only true for the lowest “quasi-static” speeds
in the range (a few mm/mn, up to 10-1 s-1) with normalized test
protocols being available even, and only true for long-used and
known materials. This is not the case for higher test speeds (over
1 m/s and 1 s-1) and for many of the modern aircraft materials. As
the reader will see, apart from the mechanical limitations of the
available testing machines, other causes explain the persisting difficulties to obtain test results that would allow the dynamic characterization of intrinsic material behavior and rupture model parameters: among these, the possible influence of the sample geometry
on the “material” response, the difficult introduction of perfectly
controlled dynamic loads into these samples, a more “miserable”
instrumentation in terms of dynamic measurements compared to
static ones, and a need for very rigorous data acquisition, treatment
and exploitation. Some of these points will be discussed hereafter,
together with some solutions currently being studied at ONERA and
other research labs.
Nothing will be said about electro-mechanical testing machines,
which are generally used to perform quasi-static normalized material characterization tests. The important point to be aware of is that
they can be used to properly study – with some care being taken –
strain rates from 10-4 up to 10-1 s-1. They enable the lower range of
strain rates reachable using hydraulic jacks to be overlapped. These
hydraulic jacks comprise a large hydraulic framework, in which the
operating jack, the test rigs (needed for load introduction and load
measurement) and the material sample can be found. The size of
the framework limits the testing capabilities, in terms of jack displacement range, test rig dimensions and hence of the size of material
samples. The hydraulic system may directly accelerate the jack or
part of the framework to which the jack is connected. Note that the
weight (inertia) and stiffness of the various fixed and mobile parts
have a decisive influence on the final performances of the test facility.
The ONERA hydraulic jacks (INSTRON and SCHENCK respectively)

have the following general capabilities: 250 and 300 mm displacement range, 10 m/s and 20 m/s maximum operating speeds, and
maximum applied loads of 50 kN and 80 kN. Nevertheless, the maximum capabilities are rarely reached during tests. According to the test
speed, the jack velocity Vjack is controlled in a closed or open loop
manner. The hydraulic power being limited, such a speed instruction
may be difficult to maintain when the load or speed limits of the testing machine are challenged (P # FV, where P is the hydraulic power
available, F is the applied load and V is the imposed velocity).
In order to perform dynamic tension tests (compression tests can be
done, but they raise supplementary difficulties, e.g. samples buckling,
etc.), a groove/wings concept has been proposed, each part of it
being fixed respectively to the moving jack and the clamped sample,
in order that the groove can be set in motion and reach the targeted
velocity before it impacts the wings end to load the sample. It is then
necessary to design and set up such a specific mechanical system,
with its weight, stiffness, gaps and vibration modes (figure 1). An
optimization work is required to prevent this new mechanical system
from degrading the original dynamic characterization capabilities of
the testing machine [20]. The different parts of the test rigs used at
ONERA are often designed and validated using finite element analysis
and made of Titanium in order to minimize their weight and maximize
their stiffness, obtaining Eigenfrequencies that are high enough to be
eliminated (filtered) more easily without losing information about the
material sample response itself.
From the displacement speed theoretically imposed to the sample, it
is possible to calculate the engineering strain rate using (1):

ε =

Vsample

(1)

l free

where Vsample is the test speed imposed to the sample and lfree is the
deformable length of the sample (between the grips, if the grip is perfect). As a first approximation, if the imposed test speed is assumed
to remain constant and the sample elongation (and deformation) is
assumed to be small during the dynamic test before rupture, it is easy
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Figure 2 - Deformation of metallic specimens (middle) up until rupture using the optical extensometer technique (left)
and tensile Hopkinson bars (right)

to plan experiments that enable the strain rate sensitivity of the material response to be characterized for various constant strain rates, just
by playing with the sample free lengths and imposed velocities. The
necessary hypothesis for this is to assume that the strain and strain
rate fields are homogeneous over the free length of the specimen.
By the way, though the various parts of the hydraulic machines are
made very massive and stiff, some of them, such as the beams and
jack (figure 1) can become deformed, or the hydraulic control may
struggle to maintain the imposed speed when very high loads are
developed. The contact between the groove and the wings (that is to
say, between the jack and the sample) can also be temporarily lost
when the highest test speeds are challenged (inertia effects, bounces,
vibrations). Thus, it can turn to be very difficult to really loop on the
instantaneous velocity of the jack that would give a constant strain
rate test at the material specimen level. This is why it is generally
necessary (usually above 1 m/s) to measure the specimen deformation by a direct and ad-hoc experimental technique, in order to
detect and deal with any deviation from the expected rate. As will be
seen later, specific measurement techniques are used today quite as
a standard to obtain accurate dynamic strain data for the free length
of tested specimens: gauge extensometry, optical extensometry and,
more recently, digital image correlation techniques.
Given an imposed test speed, it is evident that the strain rate that
will develop in a material test depends on the sample free length.
Many works are underway that concern the definition of the relevant
specimen geometry for dynamic material testing (figures 2 and 3).
These specimens are usually symmetrical, with smaller free lengths
and working sections than standard material specimens, and depend
on the tested materials, of course.
With a specific geometry, the ONERA hydraulic testing machines
enable elastic strain rates of about 10+2 s-1 to be reached, for nonnormalized 10 to 20 mm free-length specimens. In order to obtain
these accurately, both the gauge and optical extensometry techniques are used; in addition, the gauge extensometry is always used
to obtain the Poisson coefficient, if required. In the case of perfect

(homogeneous) localization of a nonlinear material response across
the specimen section over a smaller length area than the specimen
overall free length, the use of more costly specific strain gauges
(e.g., 0.6 mm grids, 20% strain capability and high cut-off frequency)
enables higher measured strain rate levels to be obtained compared
to the elastic regime (for instance, when plasticity develops in metallic
specimens).

Figure 3 - Examples of specimen geometry for composite tension,
compression and shear tests with hydraulic jacks

Strain rates of up to 500 s-1 have been obtained with such test protocols and the ONERA hydraulic testing machines. An important point to
mention here concerns the care that must be taken when using such
small specimen geometry: geometry effects and/or scale effects can
take place that can dodge the results and prevent the intrinsic material
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behavior from being obtained. It is thus highly recommended to check
that the dynamic specimen geometry gives, at low strain rates, the
same results as those obtained with the quasi-static normalized geometry. A satisfying dynamic geometry can reasonably be obtained
that way, when the elastic material data are compared. It is far more
difficult when highly non-linear material behaviors are studied [4].
In order to study material behaviors for strain rates over the previously
mentioned limits, Hopkinson bars systems [10] have historically been
used, which can provide access to a range of strain rates from 10+3
s-1 to 10+4 s-1. Given the plentiful papers dealing with Split Hopkinson
Bars – as opposed to hydraulic jacks – in the literature, nothing will
be said in this paper concerning this kind of dynamic testing machine,
but rather about the fact that small specific specimen geometries are
also required (thus with possible geometry and scale effects), which
means that it is also highly recommended to check that the test results obtained at lower Hopkinson bars strain rates are consistent
with those obtained at higher hydraulic jacks strain rates, or to adapt
the test protocols to obtain these [20] [40]. Note also that, inversely
to hydraulic jacks, compression tests with Hopkinson bars are easier
to perform than tension tests (due to gripping difficulties): for sample
geometries or materials with clear unsymmetrical tension/compression responses, additional care must be taken before extrapolating
test results from both hydraulic jacks and Hopkinson bars.

Mechanical measurements and exploitation methods
for the dynamic characterization of materials
The establishment of the existing relation between stress and strain in
a given material during a dynamic test is desired. Several questions
must systematically be considered, which consist in the measurement validity (nature, acquisition and exploitation), their objectivity
(no influence of the instrumentation and protocol on the measured
data) and accuracy (known measurement uncertainties). Stress is
commonly calculated as the ratio between the applied load force and
the working section of the material specimen. In order to obtain the
dynamic load measured, piezoelectric load cells are generally used (a
single one is enough when mechanical equilibrium is assumed for the
specimen at each time during the test, otherwise, two should be used
to measure forces at both ends of the sample and then subtract them
to obtain the resultant one). Such a load cell (a uniaxial Kistler 9031A

for instance at ONERA, with 80 kHz Eigenfrequency, 60 KN load measurement capacity and 6.10+9 N/m stiffness) should be pre-stressed
under compression to be used for tensile tests. This means that the
mechanical test rig dynamics become complicated, with heavy and
stiff parts being added again. Note that the force measurement in this
case is diverted away from the material specimen itself (clamping
grips are set between the specimen and the load cells): the force and
the strain signals must be shifted synchronously if the Young modulus value is sought, which can be a tricky point in dynamic testing
if poor care is taken in this respect. The load cell must be regularly
calibrated and possible drifts must be taken into consideration (e.g.,
thermal drifts). Other load measurement techniques have been proposed, for instance using staged specimen geometry with a strain
gauge being placed in an elastic response area of the sample. Such a
technique is of interest when the linear behavior of the tested material
is known and the nonlinear behavior is studied. Then, the main load
cell drawback (measurement of all the dynamics of the test rig and
mean) is eliminated, with a supplementary cost however (extra specimen manufacturing and strain gauge instrumentation costs).
The most commonly proposed dynamic mechanical tests remain
classical, in the sense that they are supposed to be statically determined: together with the assumption that the mechanical equilibrium
of the specimen is fulfilled during tests, uniaxial stress and plane
strain hypotheses are made, hence homogeneous deformation can
be measured at one point along a specimen section, by strain gage
for instance. In order to face some limitations concerning the strain
range that can be measured with strain gauges (even the “large deformation” ones are limited to an elongation of about 20%, or the glue
fails prior to the gauge), the preferred technique used today in many
test labs consists in using fast optical extensometers (e.g., a 500kHz
cut-off frequency Rudolph type one, with a 0.01 m resolution for
a 10 mm displacement, at ONERA). Such an apparatus enables the
evolving distance between test cards (e.g. black & white patterns set
on the sample) at very high speeds to be measured. An average strain
can then be measured between the test cards, up until the specimen
rupture (figure 4).
Finally, the objective would be to obtain stress/strain material responses by decades of strain rates, under tension and compression
loadings. Figure 5 shows that it is not always possible to obtain such
a detailed characterization, some strain rates being not accessible
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Figure 5 - Dynamic characterization test results: influence of the strain rate on
the T700GC/M21 shear modulus obtained with +/-45° tensile Rosen tests

(here 1. s-1) because of the various phenomena mentioned before
(pumping mode, loss of contact, etc.), occurring according to the
tested material (T700GC/M21 here), which cannot be predicted before the tests are done. It is nevertheless possible to see in the same
figure that such a decade characterization reveals a transition effect
that would have been completely ignored if only test results at the
lowest and highest strain rates were sought (by means of a quasistatic normalized test or Split Hopkinson bars tests, for instance).
Figure 6 also shows that the strain rate obtained with hydraulic jacks
(here performed on metallic XES steel) can vary a lot during tests at
the limit capacity of the testing machine. Recent works have thus
attempted to derive benefit from this undesired fact: given that the
changing strain rate is calculated throughout the test, the test result
is plotted in a 3D space (stress, strain and strain rate). Using a specifically designed experiment plan, a surface response can be established in this 3D space, a set of test curves being fitted by an appropriate (polynomial) mathematical function. Thus, a simple projection
of this mathematical 3D surface onto constant strain rate planes gives
the corrected stress/strain curves at true constant strain rates, which
can then be used to characterize the strain rate dependency parameters of the material model. Once the exploitation toolbox has been
implemented, the need to perform constant strain rate tests ceases
[29] [32].

-10 +30

Figure 6 - Dynamic characterization test results: damageable visco-plastic
behavior of steel according to strain rate

Another measurement technique makes it possible to use and exploit
dynamic tests that do not fulfill the previously mentioned academic
hypotheses (here uniaxial stress and plane strain), which are otherwise necessary to characterize material behaviors. It relies on the
measurement of strain fields over the sample surface, instead of
punctual strains at gauge locations. This technique has been made far
easier with the development of the (stereo) digital image correlation
technique; digital images can be recorded now at high frame rates,
with high resolution, using new generation high-speed digital cameras (e.g., Photron, 12500 f/s, up to 1024x1024 pixels, at ONERA).
This technique still requires highly skilled experimenters today, with
long preparation (pattern deposition, calibration) and long exploitation
times. However, statically determined tests are no longer required,
which means that non-standard specimens of various geometries can
be used, with inhomogeneous and multi-axial stress, strain, strain
rate fields spreading through the sample during the tests (figure 7), up
to rupture [1] [19] [36]. It also enables the true boundary conditions
to be checked, as well as the way in which the load is progressively
introduced into the samples.
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The test instrumentation with strain field measurement obtained using
the digital image correlation (DIC) technique, together with non-statically determined tests, considerably increases the current capabilities
of dynamic material characterization with hydraulic jacks and even
Split Hopkinson Bars. Such tests deliver a huge amount of qualitative
information and quantitative data and make it possible to cover a large
local strain rate range with a single test, as well as to reach higher
strain rates than with traditional protocols. Due to the tremendous
progress in digital high speed camera technology, new exploitation
methods (there is a family of them) are proposed today to identify
complex non-linear dynamic behavioral, damage and rupture material models, as possible alternatives compared to traditional direct
methods [25], or inverse ones by Finite Element Model Updating for
instance (which will not be discussed in this paper, because they are
not specific to the dynamic problem). One of these methods, currently
studied at ONERA, is the Virtual Field Method, to which the authors
would like to simply refer to [33].

Models for the dynamic behavior and rupture
of organic matrix composites
The paper only discusses meso-macro models, which cannot yield
insight into experiments at the material level, but rather only at the
structural level. They would thus provide a better understanding of
the global dynamic behavior of large components, when various
areas of the structure undergo a large variety of strain and strain rate
ranges, which may modify the ruin phenomenology and chronology
when strain rates are taken into account. On the other hand, these
meso-macro models cannot be fully representative of the physical mechanisms that develop at the material micro-structural level:
an experimentally based calibration, or at least a verification step,
should then always be done to clearly establish their confidence
domain with regard to predictive capabilities.
Concerning organic matrix composites (whatever the fibers), these
prove to be particularly complex (much more than metallic bulk
materials) to study in their non-linear behavioral domain, because
of well-known scale effects [30] and because of anisotropic and unsymmetrical mechanical properties that the specimen geometry can
accentuate [6] [14]. As far as material characterization is concerned, scale effects are often claimed to appear when less than 4 composite plies of UD tape or fabric materials are used in the laminated
test specimens (for thin ply composites of the aerospace kind).
However, the use of a more than four-ply Representative Elementary Volume of materials for laminated test specimens often leads to
difficulties with respect to the load and stiffness capabilities of the
traditional hydraulic testing machines, especially when Carbon Fiber
Reinforced Plastics are studied in their fiber direction. Specific preparation is sometimes necessary (dogbone specimens, use of tabs)
to avoid non-linear mechanisms and the development of failures
in the load introduction area (between grips) [11] [17] rendering
test results useless for material characterization purposes. Due to
these various reasons, the homogeneity of strains in the composite
specimen section (be it profiled or not) should again be carefully
assessed. Another difficulty arises, due to the development of new
generations of composites by the industry, e.g., 3D interlocks, the
dynamic characterization of which is a veritable headache for experimenters, with the same but greatly amplified difficulties. Last, let
us say that while great care is needed in the manufacturing of the
specimens (curing, machining, etc.) and the setup of the test speci-

mens (tightening, alignment, etc.) to achieve acceptably repeatable
test results in terms of stress/strain dynamic behavior of organic
matrix composite materials, their dynamic rupture is very dispersive
and far more so than for metallic materials, which is something that
is currently not being properly dealt with in regard to the modeling
question.
A large variety of dynamic behavior laws, linear or non-linear, already
exists to deal with the various materials of interest for aerospace
applications: visco-elastic, visco-plastic, visco-elasto-plastic-damageable, etc. However, one can see in the literature that the behavior
and dependency on the load speed of a given material can lead to
different models, according to the strain and strain rate ranges considered, for instance when small strains and very low speeds (creep),
or large strain and high speeds (impacts) are studied. This for a very
simple reason: a full spectrum model, developed at the smallest material scale, would cause the number of its parameters to increase so
much that not only would the difficulties mentioned in the previous
chapter (in terms of characterization) become inextricable, but also
the resolution of such complex equations within an explicit simulation
of a large structure would be unacceptable for any user. Nevertheless,
the growing computing capabilities make it possible to progressively
increase the complexity of dynamic material models, taking of course
into account the research work done in the quasi-static, more experimentally friendly, domain. As mentioned in the introduction, this
paper only deals with possibly physically justified behavioral material
models, at best phenomenological ones, written at the macroscale or
mesoscale material levels.
Concerning organic matrix composite materials, recent works have
extended an existing spectral visco-elastic formulation [31] developed
for creep analysis, to high load speed solicitations. In a first step, a
bi-spectral model was proposed for a T700GC/M21 composite tape
material, to represent the different influence of the load speed on the
shear modulus observed during creep and high speed material tests
[3], this difference is explained by the existence of two families of
elastic viscous mechanisms in the organic matrix constituent, having
two very different sets of characteristic times. These two families
were easily revealed and justified thanks to the physical -transition
of the M21 resin. In the second step, the use of the well-known timetemperature equivalence in polymers enabled an extension of the bispectral model to a large range of room temperature to be proposed
(see Figure 8). These proposals were confirmed by experiments [5]
and the new visco-thermo-elastic model parameters were identified
on a [-100°C, +20°C] temperature range and a [10-5 s-1, 10+2 s-1]
strain rate range [7]. Eventually, Berthe’s model, with only 3 more
parameters than the original creep model, enables the dynamic elastic response, at ambient temperature, of T700GC/M21 composite
material from 10-5 s-1 up to 10+4 s-1 to be described. Note that the
research also benefitted from interesting technological progress over
several years in field measurements and fast infrared thermography
digital cameras [8] [16]. The current research in the community is
mainly focused now on the study and modeling of visco-damage
in composite materials, at the mesoscale (ply) level, meaning here
the effects of load speed on the damage evolution law (mainly in the
matrix phase, in the DDR team).
Parallel to these works on the behavior of organic matrix composite materials, the modeling of delamination in composite
laminates, especially epoxy resin and carbon fiber based ones,
constitutes a singular field of research in the aerospace domain.
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These very tough but brittle materials – such as T700GC/M21 –
are known to be fragile under impact, with delamination being a
very favored degradation mode of the structure integrity in case of
out-of-plane dynamic solicitation. Here again, the epoxy resin is
directly involved in the degradation process, amorphous polymers
being known to become brittle after curing.
The main trend to predict delamination by FEM simulations
consists today in using Cohesive Zone Models [2], which rely on
a local approach to model rupture in solids. Phenomenologically
speaking, for epoxy resin composites, CZM enables the crazing
mechanism in polymers to be described, during which molecular
chains organize into fibrils to resist, by exerting a cohesive stress
coh against the interlaminar crack opening. The fibrils stretch until
they reach a critical elongation c and then break after having dissipated an amount of internal energy that can be related to the material toughness and its energy release rate, which are both fundamental quantities in the linear rupture mechanics theory (figure 9).
The dynamic rupture of epoxy resins under impact is combined
with a local heating around the crack tip, which propagates very

rapidly, and several works [24] [38] have shown that the energy
release rate of vitreous polymers depends on the crack speed a .
As many studies have revealed, the material viscosity in the crazing zone is responsible for this important local heat at the crack
tip and the thermal phenomenon can be assumed to be adiabatic
when the crack propagates very fast. When the Tf temperature in
the active zone becomes close to the glassy transition temperature
Tg, noticeable changes appear in the crazing mechanism that modifies the dynamic toughness of the material. It has been previously observed that other transition mechanisms – which can also be
associated with characteristic temperatures and relaxation times –
already exist below the Tg temperature and can influence the dynamic behavior of the T700GC/M21 composite material. Thus, in order to characterize the influence of the crack speed on the energy
release rate of a delamination crack, Joudon proposed to develop
a 3-point bending test protocol. Hence the setup, initiation and
propagation of a Mode I crack in a thick epoxy HexPly M21resin
specimen would be studied. Indeed, in the case when a straight,
stable and constant speed crack propagation is obtained, it is possible to characterize the material toughness, energy release rate
and dependency on the crack speed (figure 10).
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Figure 9 - Illustration of crazing phenomenon in amorphous polymers (left)
and standard bilinear cohesive zone model (right)
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It is thus possible to propose CZM formulations that depend on the
crack speed, for example using a phenomenological expression (2) of
the dynamic energy release rate GID close to that proposed by Zhou
in [41]:
 c 
GID (=
a ) GICd + G0 .ln  R 
(2)
 cR − a 
where GICd is a (dynamic dependent) parameter for crack initiation, G0 is a constant parameter for crack propagation and cR is the
Rayleigh waves celerity.
Concerning M21 resin, Joudon managed to identify (in his PhD
work) – using dynamic tests performed at 1 m/s on notched and precracked specimens - the following values for the proposed model:
GICd = 48.5 J/m2, G0 = 1080.25 J/m2, with cR = 873 m/s. The
questions of the dependency of the crack set up (coh ) and of the initiation of the propagation ( GICd ) on the load speed are currently being
studied in the DDR lab, together with the question of the influence of
temperature on cohesive zone models.

Conclusions
In the case of dynamic testing, several testing means are used to characterize material models, which cover a broad range of strain rates.
This means that it is necessary to make sure that the delivered test
results are consistent throughout the tested domain. This can be done
by designing tests in such a way that the partial strain rate range overlaps are reached between the various testing machines (quasi-static
electro-mechanical testing machine, hydraulic jacks and Hopkinson
bars). When new materials are developed, it is often necessary to
adapt the capabilities of existing testing machines and protocols, and
the consistency of results must again be checked. Indeed, the experimental characterization of the dynamic behavior of materials is a
tricky exercise, with many difficulties along the path. No normalized
dynamic test protocol exists yet today that would make it a routine,

while the aerospace industry need for nonlinear dynamic material
models has been increasing for many years. The associated characterization costs also increase directly with the number of tests in the
experiment plan and indirectly with the associated preparation and
exploitation times needed by highly skilled experimenters to perform
these tests. This can be a really dissuasive factor for the industry to
invest in research in this field. Given this fact, many research works
are presently aimed at developing methods and techniques that would
make such dynamic characterization tests easier and cheaper, and
would enable at least best practices, if not standardization of such
dynamic material tests, to be achieved. The development of new
digital image technologies (visible, thermo or tomography), together
with digital image correlation techniques, probably constitutes a real
opportunity to achieve such a difficult objective.
Concerning the modeling of material behaviors and rupture to predict the structure response to high energy dynamic solicitations, the
main research topics remain very pragmatically focused on the development of phenomenological material models at the mesoscale or
macroscale levels: an exaggeration of the model complexity not only
cannot be justified with respect to the level of complexity and accuracy of the other mechanical models involved in high energy impact
simulations (contacts, friction, heating, etc.), but also would be unusable in terms of implied CPU costs for complex structural analysis
in the industry context. Nevertheless, more traditional problems, such
as creep or fatigue analysis, developing at lower load speeds and
for lower strain ranges, are dynamic in essence and the influence of
the loading rate on the material behaviors for this range of dynamic
solicitations has been studied for a long time, at the smallest material scale. If the corresponding models cannot be directly and simply
transferred to explicit fast dynamic simulation codes as they are, they
still constitute a very interesting and relevant basis, in terms of understanding and justification, for the progressive development of less
empirical, more phenomenological, and hence more predictive, material behavior models for fast dynamics. This is clearly the path that the
ONERA research teams have been exploring for many years now 
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Acronyms
ASDS		(Aeroelasticity and Structural Dynamics Department)
CFRP		(Carbon Fiber Reinforced Plastic)
CZM		(Cohesive Zone Models)
DDR		(Design and Dynamic Resistance)

DIC		(Digital Image Correlation)
FEM		(Finite Element Method)
OMC		(Organic Matrix Composite)
ONERA		(Office National d’Etudes et de Recherches Aérospatiales)
REV		(Representative Elementary Volume)

Nomenclature

a, a 		crack length, crack velocity
cR 		 celerity of Rayleigh waves

		crack opening (Mode I)
c		critical crack opening
 		strain

ε,

dε
		 strain rate
dt

F		force
G		 energy release rate
GID		critical energy release rate
s
GID
		critical static energy release rate
d
GIC , G0 parameters of the dynamic energy release rate model
KID 		dynamic stress intensity factor
K ICs 		 critical static stress intensity factor
lfree 		free length of the material sample
P		power
		stress
c 		 critical stress
coh 		cohesive stress
Tf 		temperature at the crack tip
Tg 		glassy transition temperature
V		speed
Vjack		speed imposed to the hydraulic jack
Vsample 		speed applied to the material sample
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Multiaxial Haigh Diagrams from
Incremental Two Scale
Damage Analysis

I

n High Cycle Fatigue, plasticity and damage are localized at a microscale, a scale
smaller than the Representative Volume Element (RVE) scale of continuum mechanics. An incremental two-scale damage model has been built on this basis by Lemaitre
et al, and has been mainly applied to alternated loading with no plasticity at the RVE
scale. A modified Eshelby-Kröner scale transition law is derived here, taking into account RVE mesoscale plasticity and also microscale plasticity and damage. The ability
of the corresponding two-scale damage model to deal with multiaxiality in a wide range
of load ratios (from -1 to 0.9) is then focused on.
The crack initiation conditions for axisymmetric notched specimens loaded at different
mean stresses are studied on the basis of several fatigue tests on TA6V specimens at
a low temperature. Both the notch first loading pre-plastification and the biaxial stress
state are naturally taken into account by the incremental analysis. Two multiaxial Haigh
diagrams are finally drawn for TA6V at a low temperature. Their main features, such
as a horizontal asymptote, are highlighted. A piecewise linear extension for a stronger
mean stress effect is finally given within the two-scale damage framework considered.

Introduction
High fatigue is often addressed in terms of stress amplitude, i.e., with
laws directly relating the stress amplitude to the number of cycles to
failure or to crack initiation [2, 49, 1, 39, 28]. The mean stress effect
is then simply represented by the introduction into the previous law,
as a parameter, of the stress ratio R = min/Max (minimum stress
divided by the maximum stress over a cycle). The difficulty is then
to extend such a modeling to 3D cases and to non-cyclic loading
conditions [60, 7, 13, 34, 14, 55, 56, 53, 52].
On the other hand, Continuum Damage Mechanics, naturally a 3D
model, can also be used for fatigue [40, 41, 42, 8, 10, 54, 25, 31,
48, 57, 61, 24, 18, 51, 11, 29, 23, 47]. The cyclic relationships are
obtained first from the time integration over one cycle of the damage
and the constitutive laws, and second from the integration over the
entire loading [43]. The introduction of the stress ratio is then not
natural and may become a difficult task [46, 3]. One possibility is
to model the microdefect or microcrack closure effect (also called
quasi-unilateral condition, [36, 9, 21]) and its coupling with damage
growth [32, 22]. With this in mind and with the additional fact that
High Cycle Fatigue (HCF) corresponds most often to fatigue in the
elastic regime, an incremental two scale damage model has been
proposed with good fatigue capabilities [44, 45, 17, 38, 26]. Such a

model is extended in this work, in order to recover the mean stress
effect obtained in simple but nevertheless representative structures,
namely in axisymmetric notched specimens made of a TA6V titanium
alloy. The tests have been performed at a low temperature by Snecma, with the support of CNES, within the framework of rocket engine
applications.
These specimens have been chosen to represent real loading conditions, i.e., multiaxial conditions with stress triaxialities greater than
that encountered under tension and with localized yielding. In order
to characterize the model response over the entire stress ratio range
from R = -1 to R = 0.9, TA6V notched specimens with different stress
concentration factors KT = 1.5, 2.5 and 3.5 have been tested at different nominal stress – or load – ratios. Axisymmetric notched specimens are found to be very useful to test the HCF behavior of a material
submitted to bi-axial stresses at a given – and especially at a high
– stress ratio R. It is indeed quite difficult to "explore" the upper stress
ratio domain with classical uniaxial (smooth) specimens, since most
of the time, for high numbers of cycles to rupture (i.e., over 106), the
mean stress required to obtain R > 0.6 is so high that the yield stress,
or even the ultimate stress, are rapidly reached. On the contrary, axisymmetric notched specimens encounter small scale yielding and
allow local yielding to be obtained in a biaxial state of stress (the longitudinal and hoop stresses in the notch can represent 70% and 30%
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of the stress tensor trace respectively). Once plastified, they allow
the material fatigue response to be tested in a simple manner at high
stress ratios R. They can be considered as representative of industrial
cases encountered in certain engine components submitted to high
static loads and to high frequency alternate loads.
Multiaxial Haigh diagrams are constructed in this work, using a twoscale damage analysis of such tests.

Two-scale damage model
A two-scale damage model has been built [44, 45, 17, 20, 58]
considering that High Cycle Fatigue, either thermally or mechanically activated, occurs for an elastic regime at the RVE scale, the
mesoscale of continuum mechanics. It accounts for micro-plasticity and micro-damage at the defect scale (or microscale). The model
is phenomenological, describing micro-plasticity with classical 3D
Von Mises plasticity equations and describing micro-damage by the
Lemaitre damage evolution law D = (Y / S ) s p [43, 42] of damage
governed by the accumulated plastic strain rate p and enhanced by
the strain energy density (with Y denoting the thermodynamic force
associated with the damage variable D). Parameters S and s are
material and temperature dependent. A scale transition law, such as
the Eshelby-Kröner localization law, links both the mesoscopic and
microscopic scales.

Scale transition law
In earlier developments within the two-scale damage framework of
Lemaitre et al, plasticity and damage were assumed to occur at the
microscale only, thus setting p  0, D =D  0 but also setting
a zero value for the plastic strains at the mesoscale (p = 0). In the
notched specimen fatigue case considered, the yield stress will be
reached at some stress concentration points and plasticity will occur,
localized, but nevertheless present at the mesoscale ( i.e., present in
Finite Element computations of the notched specimens).
The two-scale damage model must be extended, in order to take into
account non-zero plastic strains p, either constant or evolving (p(t))
at each time step of an incremental fatigue analysis. A (quite) simple
way to proceed is to extend the Eshelby-Kröner scale transition law of
a spherical inclusion embedded in an infinite elastic isotropic matrix
to our case. In the initial problem [27, 35], the inclusion has the same
elastic properties  as the matrix and is subject to free strains F; the
matrix is subjected to a far field strain  (or stress ).
The strain in the inclusion is then the sum of the far field strain and
of an additional strain due to the inclusion free strains and the matrix
elasticity (case (a) in figure 2),

ε µ = ε + S :εF

(1)

Which is equivalent to
Incremental two-scale analysis
The general principles for building an initial two-scale damage model
for complex fatigue applications are as follows (figure 1). Only isothermal conditions are considered in this work (for the anisothermal
case, refer to [21]).
• At the mesoscale, the scale of the RVE of continuum mechanics, the behavior is considered as elastic, the material yield stress y
usually not being reached in HCF.
Structure calculation

(

σ ij ( t ) , ε ije ( t ) , ε ijp ( t )

)

RVE

Elastic E, v
(Plastic y)

Elastic
Plastic
Damage
µ

E, v

σ yµ = σ ∞f

D(t)

µ

σ µ ( t ) ε ij e ( t ) ε ij p ( t )
ij

MESO

Localization law

micro

Figure 1 - Micro-element embedded in an elastic Representative Volume
Element

• The microscale is the defect scale, with defects conceptually
gathered as a weak inclusion embedded in previous RVE. The behavior considered for the microscale is (thermo-)elasto-plasticity coupled with damage, the weakness of the inclusion being represented
by a yield stress at the microscale σ yµ < σ y considered equal to the
asymptotic fatigue limit of the material σ ∞f .
At the mesoscale, the stresses are denoted by  and the total, elastic
and plastic strains are denoted by , e, p. These are known from an
elasto-plastic Finite Element computation. The values at the microscale have an upper-script , except for the damage variable D =D at
the microscale, which has no upper-script.

σ µ = σ +  : (S − I ) : ε F

(2)

where I is a fourth order identity tensor and where S is an isotropic
Eshelby tensor such that
S :1 = α1

α=

1 +ν
3(1 −ν )

(3)

for a second order identity tensor 1 and
S : T' = β T'

β=

2 4 − 5ν
15 1 −ν

(4)

for any deviatoric tensor T'. By setting F equal to the micro-plastic
strain ε up , the localization law for an undamaged inclusion used so
far [14, 45] is obtained

ε µ = ε + β ε µ p or σ µ = σ − 2G (1 − β )ε µ p

(5)

where G is the shear modulus.


, 



, , p



, 

 εF

 εµp


∗
 εF

initial eshelby problem

Considered problem
with a damage inclusion
(b)

Equivalent
eshelby problem
(c)

(a)

Figure 2 - a) Initial Eshelby problem of an inclusion with free strain F, b)
Considered problem with matrix plasticity and damaged inclusion, c) Problem
making both cases a) and b) equivalent, due to an adequate choice of the
free strain ε F .
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The problem considered in this work is slightly different, given that the
 = (1 − D) are affected by the
elastic properties of the inclusion 
damage D and given that the matrix withstands (mesoscopic) plastic
strains p (case (b) of figure 2). It is possible to derive the corresponding localization law from previous Eshelby analysis. Due to the
elastic mismatch between both scales, the inclusion must be conceptually changed into an equivalent inclusion with the same total strains
and stresses, but with undamaged elasticity (case (c) in figure 2,
[30]). In order to do this, an equivalent free strain ε F is derived,
in which the damage effect is embedded, so that for ε F classical
expressions (1)-(2) the following is enforced
σ µ

 σ
 µ
ε
 µ
σ

 : (ε µ − ε µ p )
=
=  : (ε − ε p )

(6)

= ε + S : ε F
= σ +  : (S − I ) : ε F

This therefore defines ε F ,
−1

 ) :ε + 
 :ε µp −  :ε p 
ε F =   − ( − S
) :  : ( − 



(7)

The set of constitutive equations at the microscale is thus:
 ε µ = ε µe + ε µ p

 ε µe = 1 + ν σ µ − ν σ µ 1
tr

E
E

µD
µ
ε µ p = 3 σ − X p µ = p µ n
µ
µ

2 (σ − X )eq


 µ = 2 C (1 − D)ε µ p
X
y

3

s
  Yµ  µ
=
D

 p

S 


 D = D → crack initiation
c


(11)

with the plastic modulus Cy, the damage strength S, the damage
exponent s and the critical damage Dc as material parameters. The
damage growth is smaller in compression than in tension, due to
the consideration of the micro-defect closure parameter h within the
strain energy release rate Y,
 〈σ µ 〉 + : 〈σ µ 〉 +
〈σ µ 〉 − : 〈σ µ 〉 − 
+
h


2
(1 − hD) 2 
 (1 − D)
〈 trσ µ 〉 2− 
ν  〈 trσ µ 〉 2+
−
+h


2
2 E  (1 − D)
(1 − hD) 2 

1 +ν
2E

The equivalent strain ε F replaces F in equation (1) so that, after

Yµ =

1 
(α − β ) D
µp
p 
(8)
trε 1 + β (1 − D)ε − ε 
ε +
1− β D 
3(1 − α D)

where  and  are the previous Eshelby parameters. For an undamaged inclusion (D = 0) in an elasto-plastic matrix, the previous law
is simplified, as expected, to ε µ = ε + β ε µ p − ε p .

since 0 < h < 1 and usually for metals h  0.2 [43], and where
〈.〉 + , 〈.〉 − stand for the positive and negative parts of a scalar
−
and 〈.〉 + , 〈.〉 for the positive and negative parts of a tensor (in
terms of principal values). Note that equation (12) is simplified to

some mathematical arrangements and bearing in mind the fact that
a plastic strain tensor is a deviatoric tensor, the modified EshelbyKröner scale transition law coupled with damage is obtained:

(

εµ =

)

(

)

Plasticity and damage at the microscale

A law of elasto-plasticity coupled with damage is considered at
the microscale. The elasticity law is then written as (recall that the
-upper-script stands for "variable at the microscale"):
1 +ν µ ν
σ − trσ µ 1
E
E

σ µ =

σµ
1− D

(9)

In the yield criterion, the hardening X is kinematic, linear, and the
yield stress is the asymptotic fatigue limit of the material, denoted
by σ ∞f ,
f µ = (σ µ − X µ )eq − σ ∞f

2

for tension at the microscale and in
2

The history of the stresses (t), strains (t) and plastic strains p(t)
at the RVE mesoscale is assumed to be known from an elasto-plastic
(incremental) finite element calculation. The scale transition is made
using equation (8), which must be solved altogether with microscale
constitutive equations (still incremental).

ε µe =

µ
Ytens
= (σ µ ) 2 / 2 E (1 − D )

(12)

(10)

where (.)eq is the Von Mises norm and where σ µ = σ µ / (1 − D) is
the effective stress and f µ < 0 → elasticity. This ensures that micro-plasticity, and therefore damage and failure, occurs for stresses
ranging between the fatigue limit σ ∞f and the RVE yield stress y.

µ
Ycomp
= h(σ µ ) 2 / 2 E (1 − hD ) for compression at the microscale,
µ
so that the damage rate in compression D comp = (Ycomp
/ S ) s p µ
is much lower, for a small h, than the damage rate in tension
µ
D tens = (Ytens
/ S ) s p µ .

2
In previous constitutive equations, p µ = ( ε µ p : ε µ p )1/2 dt is the
3

∫

accumulated plastic strain at the micro-scale and no damage threshold is considered (for loading dependent thresholds, refer to [45,
46]). The plastic multiplier λ = p µ (1 − D) is determined from the
consistency condition f µ = 0 and f µ = 0 .
The internal variables ε pµ , p µ and D µ = D are often considered
to be equal to zero at t = 0. A pre-hardening or pre-damage correspond to non-vanishing initial values ε p 0 , p0 , D0 for the time
integration of the differential equations (11): pre-hardening is naturally accounted for in a rate form modeling [5]. Note also that the
localization law takes into account the plastic strain evolution ε p (t )
at the RVE scale. This means that the pre-plastification stage of the
structures before undergoing elastic fatigue is taken into account by
means of the ε p -term of the scale transition law (8). Further study
of notched specimens loaded at high mean stresses uses this feature
(§ "Fatigue of axisymmetric notched specimens").
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Numerical implementation
With regard to the numerical implementation, a post-processing
approach is proposed. The strain and plastic strain histories at
the mesoscale are assumed to be known from a reference Finite
Element elastic or elasto-plastic computation. The micro-plasticity and damage are obtained by the time integration, step by
step, of the incremental constitutive equations. At each time
step t n+1 and for a known strain increment at the mesoscale
 =  n+1 -  n, the numerical scheme must calculate, by time integration of the constitutive equations at the microscale together
with the consideration of the localization law, the strain ε nµ+1 ,
stress σ nµ+1 , plastic strain ε nµ+p1 , accumulated plastic strain pnµ+1
and damage Dn+1 at microscale. The Euler backward scheme
is used to discretize their rate form, as for classical single scale
plasticity and damage models. The 3 stages for the numerical
resolutions of the two-scale model equations are classically [44,
46, 20]: 1) an elastic prediction at the microscale, taking into
account the localization law, 2) a test over the criterion function
f µ , and 3) if f µ is found to be positive, a plastic-damage correction (still at the microscale).
Elastic Prediction
The elastic prediction assumes an elastic behavior at the microscale
with constant plastic strain ε nµ+p1 = ε nµ p , constant kinematic hardening X nµ+1 = X nµ and constant damage Dn+1 = Dn . The elastic prediction gives a first estimate for the total strain, the elastic strain and
the effective stress at the microscale at time tn+1 ,
µ

ε =

1
1 − β Dn

{

(α − β ) Dn
ε n+1 +
trε n+11
3(1 − α Dn )
+ β (1 − Dn )ε nµ p − ε np+1 



ε µe = ε µ − ε nµ p

1− β
1
∆ε µe −
∆ε
1 − β Dn
1 − β Dn

∆ε µe +
+

and the yield condition f µ = 0 at time tn+1
f nµ+1 = (σ nµ+1 − X nµ+1 )eq − σ ∞f = 0

cretized as ∆ε µ p =

solved using the Newton iterative method, but must be rewritten in the
following form,
 s nµ+1
sµD
+ Γ µn+1 ∆p µ + Q s = 0

(s n+1 )eq
 E

(s nµ+1 )eq − σ ∞f = 0


(16)

a function of the unknown accumulated plastic strain increment ∆p µ
and of the unknown variable s nµ+1 = σ nµ+1 − X nµ+1 allows a closedform solution to be obtained explicitly. The following is set in Equations (16) (details can be found in [20]):

σ nµ − X nµ
E

−

1
×
E (1 − β Dn )


(α − β ) Dn
p
tr∆ε 1 − 2G β∆ε 
  : ∆ε + K
1 − α Dn


Γ=

σ µ = (1 − Dn )σ µ

3 σ nµ+D1 − X nµ+1
3 s nµ+D1
µ
∆
∆p µ and
=
p
µ
µ
µ

2 (σ n+1 − X n+1 )eq
2 (s n+1 )eq

2
C y (1 − Dn ) ∆ε µ p . These equations can of course be
3

∆X µ =

(13)

σ µ =  : ε µe

(15)

Equations (14)-(15) are combined with the normality rule for plastic strain and with the evolution law for kinematic hardening, dis-

Qs = −

}

(14)

(α − β ) Dn
β
∆ε p −
tr∆ε 1 = 0
1 − β Dn
(1 − β Dn )(1 − α Dn )

(17)


1
1− β
+ C y (1 − Dn ) 
 3G
E  1 − β Dn


where G = E / 2(1 + ν ) and K = E / 3(1 − 2ν ) are the shear and
bulk moduli.

Plastic-damage correction
The previous elastic prediction gives the estimate σ of the effective stress σ n+1 at time tn+1 , with unchanged kinematic hardening X = X n , and allows the yield criterion to be calculated.
If the condition f nµ+1 ≤ 0 is fulfilled, the calculation is over and
ε nµ+p1 = ε nµ p , X n+1 = X n , Dn+1 = Dn is set. If not, this elastic soluµ
tion is corrected by ensuring the consistency condition f n+1 = 0 .
The Euler Backward scheme is used for all variables except damage: D = Dn is considered over a time step ∆t = tn+1 − tn in
the strain localization law and in plasticity equations coupled with
damage. This is of course not a limitation at all in fatigue, since
over an entire cycle – made up of many time steps – the damage
increment usually does not exceed Dc / N R < 10−3 where Dc ≤ 1
is the critical damage and N R is the number of cycles to crack
initiation.
Assuming then that the damage does not increase much over a time
step, the set of nonlinear equations (11) must be solved, including
the localization law,

The exact solution of the set of equations (16) for the plastic-damage
correction is:
sHµ n+1 = − EQsH
∆p µ =

σ
1
 Qseq − f
E
Γ


∞

(s nµ+1 )' = −






(18)

EQ's
ΓE
1 + ∞ ∆p µ

σf

s nµ+1 = (s nµ+1 )' + sHµ n+11
where Qseq =
QsH =

3 '
Q s : Q's
2

is the Von Mises norm of Q s ,

1
'
trQ s is its hydrostatic part and Q s = Q s − QsH 1 is its
3

deviatoric part.
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The proposed scheme is implicit but does require iterations.

Fast identification procedure

Variable updating

The purpose of this work is to study the ability of the model to handle
notched structure fatigue, when the material parameters are first
identified on tensile uniaxial (or "smooth") testing specimens. For the
parameter identification, the following is proposed.

Once the previous plastic-damage correction has been made, all of
the variables at the microscale are updated as follows:
• normal to the yield surface: m µ =

3 s nµ+D1
2 σ ∞f

• plastic strain: ε nµ+p1 = ε nµ p + m µ ∆p µ
• kinematic hardening: X nµ+1 =

2
C y (1 − Dn )∆ε nµ+p1 + X nµ
3

• effective stress: σ nµ+1 = s nµ+1 + X nµ+1

s

Yµ 
Dn+1 = Dn +  n+1  ∆p µ
 S 



−

For a non-symmetric fatigue loading (and in this model because of the
Von Mises yield criterion at the microscale), the asymptote in terms of

with
2

 1 − Dn 
1 +ν
µ −
µ −
[〈σ nµ+1 〉 + : 〈σ nµ+1 〉 + + h 
 〈σ n+1 〉 : 〈σ n+1 〉 ]
2E
 1 − hDn 
2

 1 − Dn 
µ 2
[〈 trσ nµ+1 〉 2+ + h 
 〈 trσ n+1 〉 − ]
−
2E
1
hD
n 


ν

Stage 2. The asymptotic fatigue limit σ ∞f is guessed from an
experimental Wöhler curve as the horizontal "asymptote" at a
very high number of cycles to rupture (at least N R > 107 ),
∆σ
(∆σ )∞
→
= σ ∞f ⇒ N R → ∞
2
2

• damage:

Ynµ+1 =

Stage 1. The mesoscale parameters (Young modulus E, Poisson
ratio v, yield stress y, plastic modulus Cy) are identified at each temperature on the monotonic tensile curve.

• stress tensor : σ nµ+1 = (1 − Dn+1 )σ nµ+1
and the calculation can then be started at time tn+ 2
DAMAGE EAS post-processor for multiaxial fatigue
The DAMAGE_EAS post-processor solves the two-scale damage
model constitutive equations and allows the micro-plasticity and
damage history to be determined for complex loading. For a given
material parameter file and for a given loading sequence (made up
of the repetition by blocks of complex cycles defined at the RVE
mesoscale), the post-processor calculates the damage history
D(t) and the time to crack initiation, i.e., the time for D to reach
the critical damage Dc. The inputs (mesostrains, total and plastic)
come from a Finite Element reference computation and are thus
at one or several user chosen structure Gauss points. Given that
the maximum number of increments used to describe a cycle is
large (actually 5000), the program allows quasi random fatigue
calculations. The post-processor DAMAGE_EAS has a graphical
interface with material parameter identification and result plotting
capabilities [19].
The inputs are thus a material file and a loading file. The outputs of
any calculation are:
• the number of cycles to crack initiation for the case considered;
•a standard result file made up of 50 lines with the values (the
histories) versus the number of cycles of the accumulated plastic
strain and of the damage at the microscale;
•optional (large) files for complete results at the mesoscale
and microscale (stresses, strains and plastic strain components
versus time).

∞
the stress amplitude (∆σ ) = σ ∞f is independent from the load ratio
2
R = σ min / σ Max . In terms of maximum stress, the corres∞
ponding asymptote is σ Max
= 2σ ∞f / (1 − R) – it is still due to

(∆σ )∞ σ Max
=
(1 − R) = σ ∞f – and is dependent on R.
2
2
If the σ Max vs. N R diagram is used, the guessed horizontal
∞
asymptote σ Max
at a given load ratio R thus allows the – material
parameter – fatigue limit σ ∞f to be identified as:
1
2

∞
σ ∞f = (1 − R)σ Max

(19)

Stage 3. The parameters h and Dc are considered to be equal to the
default constant values for metals, h = 0.2 , Dc = 0.3 [43].
Stage 4. The damage parameters S and s are pre-identified from a
non-linear curve fitting in Wšhler diagram (figure 3) using an approximate closed-form expression for NR (under the assumption h = 1 of
a no micro-defect closure effect). This allows a first estimate of the
damage parameters S and s to be easily determined. For a cyclically
varying stress of ∆σ = σ Max − σ min between σ min and σ Max , the
following closed form expression for the number of cycles to rupture
is used [15, 16], here with no damage threshold,
(2 ES ) s Dc
σ ∞f 2 s  ∆σ − 2σ ∞f   Rνsmin + RνsMax 
 = 3G (1 − β ) + C y (1 − D) ≈ 3G (1 − β ),
NR ≈

2

Rν min

σ 
2
1
= (1 + ν ) + (1 − 2ν )  min

∞
3
3
 σ f 

Rν Max

σ

2
1
= (1 + ν ) + (1 − 2ν )  Max

∞
3
3
 σ f 

(20)
2

where G is the shear modulus.
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Stage 5. At this final identification stage, the values for all parameters
are kept identical, except for the damage strength S; h = 0.2 is set
and the parameter S is re-adjusted by comparison with the reference
Wöhler curve. The full set of constitutive equations is solved – numerically this time – instead of using the approximate formula (20).
An illustration of Stages 4 and 5 of the identification procedure is
given for a TA6V alloy at a low temperature in figure 3, in which the
experimental fatigue curve and the analytic (from equation 20) and
computed (DAMAGE_EAS) model responses are sketched and compared.
The final set of material parameters is only composed of the elasticity
parameters E, v  0.3, the plastic modulus Cy, the asymptotic fatigue
limit σ ∞f , the damage strength S (in MPa), the damage exponent s,
the micro-defect closure effect parameter h = 0.2 and the critical
damage Dc = 0.3. Let us point out that the identification of parameters S, s and σ ∞f is carried out by using a first population of uniaxial
(smooth) specimens at R = 0.1 (test results reported as marks in
figure 3). Next, the model is evaluated on a second independent population of notched specimens made of the same material, tested at the
same temperature, but at higher stress ratios.

Stress

point exp.
analytic
Damage

Figure 4 - Details of the meshes in the notch for Kr = 1.5 (left), Kr = 2.5
(middle) and Kr = 3.5 (right).

Structure computations with pre-plastification
The applied loading is presented in figure 5. It consists in a uniaxial
(longitudinal) load varying between a maximum load FMax and a
minimum load Fmin . Various maximum loads are considered, corresponding to different numbers of cycles to crack initiation. Various
positive load ratios RF = Fmin / FMax are also considered, which are
equal to the (applied) far field stress ratio and to the local longitudinal
stress ratio σ min / σ Max obtained in elastic computations. As mentioned already, plastification takes place in the stress concentration zone
during the first load application (a stage therefore called pre-plastification) making the local stress ratio R obtained in plasticity different
from the applied load ratio RF (The value of obtained is lower than RF).
An example of a map of accumulated plastic strains in the notch is given in figure 6 for Fmin = 46 kN , FMax = 52 kN , RF = 0.88 . Simply note that this pre-plastification is naturally taken into account within the two-scale damage model, through the use of the localization
law (8) (through the existence of a mesoscopic plastic strain ε p ).
F

t1

t4
t3

F max
F moy
F min

t2
log (NR)

Figure 3 - Illustration of Stages 4 and 5 of the identification procedure on the
Wöhler curve for TA6V at a low temperature (marks: experimental, analytical:
Eq. (20), DAMAGE: numerical solution by DAMAGE_EAS of set of equations
(8) and (11)).

t (s)

0

Figure 5 - Applied loading

Fatigue of axisymmetric notched specimens
Axisymmetric Finite Element computations of 3 notched specimens
have been performed with a refined mesh in the notch (figure 4). The
three elastic stress concentration factors are Kr = 1.5, 2.5 and 3.5.
The specimen height is 60 mm.
Elasto-plastic constitutive equations with linear kinematic hardening
are used to model TA6V behavior. The considered stress ratios are
positive, the notch plastification only occurs at the first load application. The microscale behavior is represented by the elasto-plasticity
coupled with damage constitutive equations (11). The scale transition
law is Eq. (8).

K T= 2.5
Plastic strain = 4.37%

Figure 6 - Maps of plastic strain after pre-plastification for one of the
KT = 2.5 specimens (applied load ratio RF = Fmin / FMax = 0.88 , computed stress ratio R = σ min / σ Max = 0.72 ).
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Number of cycles to rupture from two-scale damage analysis

Damage 2005 prevision for crack initiation

For the calculations of the numbers of cycles to crack initiation (or
for the prediction of the "no crack initiation" events), the total  and
plastic p strain tensors have been interpolated at the node located
at the surface of the notch. These data constitute the input of the
DAMAGE EAS post-processor and are entered in the form of an
ASCII file. The tensors are extracted from the plasticity computations at time steps t1, t2, t3 and t4 defined in figure 5. Only the second
part of the loading – the part between FMax and Fmin – is repeated.
A maximum number of repetitions of this sequence or block must
be set when using DAMAGE_EAS ( 107 in these calculations). The
21 damage post-processings corresponding to 21 tested notched
specimens were made in a single (batch) operation taking approximately 45 min on a PC.
107
Mean ratio Nexp/N Theo = 1.9 on 21 specimen

The results obtained show an average ratio Experimental number of cycles to failure N Rexp / Calculated number of cycles
calc
N=
N=
( D Dc ) of 1.9 (figure 7). As far as the unbroken speR
cimens at cycles are concerned, the model correctly predicts the
non-initiation of a crack in 10 out of 12 cases (83%). The fact that
most of the predictions underestimate the experimental fatigue
lifetimes seems logical. We must indeed recall that the model only
predicts the crack initiation at the RVE mesoscale and does not
take into account the cycles necessary to make these small cracks
propagate to the final structural failure.
As far as the results obtained here for the TA6V alloy at a low
temperature are concerned, the mean factor  2 obtained is quite
a good result: this corresponds to the expected performance of a
model for its industrial use, when the results are obtained from an
independent identification on uniaxial (smooth) fatigue specimens.
What is also of utmost importance is the ability of the model to
correctly predict the time to crack initiation of a specimen subjected to a high mean stress effect, with more or less plastification
(up to 5% here) and for a multiaxial stress state.
Computed Haigh diagram for TA6V alloy at a low temperature

106

The classical Haigh diagram corresponds to the curve given,
at a given number of cycles to failure, by the stress amplitude

Kt 1.5
Kt 2.5
Kt 3.5

x2
/2
105
105

106
Cycle to rupture

107

Figure 7 - Comparison between the experimental and predicted lifetimes for
axisymmetric notched specimens

Failure is interpreted here as the mesocrack initiation condition, which
corresponds to when the damage D reaches the critical value Dc (a
material parameter here equal to 0.3).
R = -1

1
2

1
2

σ a = (σ Max − σ min ) versus the mean stress σ = (σ min + σ Max ) .
First, in order to better characterize the model response over the
entire stress ratio range, R ∈ [−1,0.9] , several theoretical times
to crack initiation have been calculated using uniaxial strain and
plastic strain tensors (i.e., corresponding to uniaxial stress states
of smooth specimens) generated for different maximum stresses
at a given R. The corresponding points are reported on the different iso-R lines (R = 0.1, 0.5, 0.6, 0.8 and 0.9, figure 9). Each
R = 0.1
Ultimate Strength
R = 0.5
Yield Strength

Expimental points
Broken smooth spec. 107 cycles
Unbroken smooth spec. 107 cycles
Broken notched spec. 107 cycles

Experimental
106 line

AII

R = 0.6

Unbroken notched spec. 107 cycles

σ ∞f
σ ∞f @ R = −1

1

R = 0.8

Model's no crack area
R = 0.9
R=1

(σ )eq

1

σu

∞
Figure 8 - Experimental multiaxial AII / σ f vs. (σ )eq / σ u Haigh diagram of a TA6V alloy at a low temperature
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R = -1

R = 0.1

R = 0.5
Expimental points
Model's
106 line

AII

σ ∞f

Broken smooth spec. 107 cycles
Unbroken smooth spec. 107 cycles
Broken notched spec. 107 cycles

Experimental
106 line

Model's
5 106 line

R = 0.6

Unbroken notched spec. 107 cycles

σ ∞f @ R = −1

1

R = 0.8

Model's no crack area

Model's
107 line

R = 0.9

R=1

(σ )eq

1

σu

Figure 9 - Multiaxial AII / σ ∞f vs. (σ )eq / σ u Haigh diagram with two-scale damage model iso-lifetime lines

point is associated with a number of cycles to crack initiation
calculated by DAMAGE EAS. The maximum stress was systematically chosen above the σ ∞f -fatigue limit identified for the
material at R = -1 which is, in this two-scale analysis, the limit
below which the model does not announce any crack initiation.
With such a network of theoretical points associated with their
lifetime prediction, it is then possible to plot both the experimental
(here at NR = 106 cycles, "Experimental 1E6 line") and the theoretical iso-lifetime curves (using a Box-Cox regression technique).
The iso-lifetime curves given by the two-scale damage model for
106(1E6), 5 106(5E6) and 107(1E7) cycles are shown in figure 9,
each corresponding to a classical Haigh diagram for this TA6V
alloy.
AII vs. (σ )eq multiaxial Haigh diagram
Both the experimental and computational results have been reported
in figures 8 and 9 (by means of the two scale damage analysis).
The asymptotic fatigue limit and the ultimate stress are respectively
denoted by σ ∞f and σ u . The unbroken specimens after 107 cycles
are represented by white marks, whereas the broken ones are represented by plain black marks. The smooth specimens (R = 0.1) are
represented by triangular marks. The notched specimens are represented by diamonds marks. For these, the stress state is 3D so a
first multiaxial Haigh diagram can be plotted by replacing the uniaxial
stress amplitude (vertical axis) by the octahedral shear II , the local
equivalent alternated stress,

σ a = AII =

1 3 '
(σ Max − σ 'min ) : (σ 'Max − σ 'min )
2 2

(σ )eq =

1 3 '
(σ Max + σ 'min ) : (σ 'Max + σ 'min )
2 2

(22)

The horizontal line AII / σ ∞f = σ a / σ ∞f = 1 or AII = σ a = σ ∞f corresponds to the infinite alternated fatigue limit (identified from the § "Fast
identification" procedure). It is interesting to notice that, for this TA6V
at a low temperature, this limit separates the broken specimens (black
marks) from the unbroken ones (white marks) quite well. Note that the
model theoretical iso-lifetime curves drawn here are rapidly decreasing
in the -1 to 0.1 -range. All of the lines converge towards the asymptotic
fatigue limit identified at R = -1 (horizontal line σ a / σ ∞f = 1 ). This line
constitutes an asymptote for the iso-lifetime curves when the number
of cycles to crack initiation increases. This feature is due to the fact that
the equation for the asymptote is f µ = 0 and that in this case a Von
Mises plasticity criterion is considered at the microscale.
In order to directly compare the theoretical iso-lifetime curves to
their experimental counterparts, a more detailed study can be carried
out on the N R = 106 line – which corresponds to the usual Haigh
diagram at 106 cycles – for both the theoretical predictions and the
available experimental data. A non-linear data regression allows the
experimental 106(1E6) iso-life line (dashed line) to be plotted. It is
remarkable that the experimental line fits its theoretical counterpart
quite well. The global decreasing shape of the N R = 106 computed
Haigh diagram is quite similar to that of the experimental one: the
two-scale damage model proposes an evolution of the theoretical isolifetime curve in good accordance with the experimental N R = 106
line evolution for this TA6V alloy at a low temperature.

(21)

and by replacing the uniaxial mean stress (horizontal axis) by the Von
Mises equivalent stress of the mean stress tensor, the mean local
stress is

Finally, the influence of the local plastification on the local true stress
ratio can also be observed. Once the yield stress is reached (straight
line "Yield Strength" in figure 8), the local stress ratio computed at the
notch tip decreases and the corresponding point leaves its original
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Stronger asymptotic mean stress effect

iso-R line. All plastified points accumulate along the 45° "Ultimate
Strength" straight line. This phenomenon has already been observed
[37] and shows the importance of considering the local stress and
strain state when drawing Haigh diagrams for notched specimens.

The mean stress obtained previously in the mean stress range
considered was in fact not so important, so that it has been modeled through the dissymmetry of damage growth (by means of a low
fatigue limit and a micro-crack closure parameter h<<1). A more
general model is possible, still within the kinetic framework of rate
form damage modeling, i.e., still with no need for the notion of cycle
or for the Rainflow-type counting cycle method.

AII vs. trσ multiaxial Haigh diagram
It is also possible to use another multiaxial extension of the Haigh
diagram, the octahedral shear σ a = AII versus the trace of the mean
stress tensor,

trσ = σ 11 + σ 22 + σ 33

with σ =

1
(σ min + σ Max )
2

Linear mean stress effect
(23)
A linear mean stress effect on the fatigue asymptote can be introduced into the two-scale damage model by considering a DruckerPrager criterion function at the microscale [3, 4], where is a material
parameter,

This complementary representation offers the advantage of better
taking the stress triaxiality into account (it is consistent with the Sines
approach of multiaxial fatigue [59]). The further values of the stress
tensor trace are those of the smooth and notched fatigue specimens,
computed by Finite Elements.

(
)
= (σ µ− X µ )

f µ = σ µ− X µ

In figure 10, three different iso-lifetime lines predicted by the twoscale damage model have been plotted: the 5 105(5E5), 106(1E6)
and 5 106(5E6) iso-lifetime lines, with the corresponding experimental points. Several fatigue tests carried out on smooth specimens at
R = -1, R = 0.1 and R = 0.5 up to 106 cycles, allow the shape of
the N R = 106 cycles line to be confirmed. As mentioned before, the
theory and experiments fit quite well.

eq
eq

+ a trσ µ − σ ∞f
(24)

+ 3aσ H − σ ∞f

i.e., by making the fatigue criterion pressure/first invariant dependent,
as proposed by many authors [12, 59, 13, 24, 42, 50] for fatigue. From
the Eshelby-Kröner scale transition law (5) – as well as from the scale
transition law (8) – and incompressible plasticity, trσ µ = trσ = 3σ H
is still obtained. The differences here compared with classical works
are: (i) the infinite lifetime domain f µ < 0 is translated by microplasticity, (ii) the current values of the stresses are used (not the
maximum or mean values) and the modeling remains incremental.
Micro-plasticity and damage are the solution of a kinetic differential
equation, so there is no need to define a cycle in order to calculate the
time to crack initiation (it is the time at which D(t) = Dc, the critical
damage).

Figure 11 is the equivalent of figure 9 (with (σ )eq replaced by trσ ).
The level of local triaxiality and yielding for each test is better apprehended (this information was not clear in figure 9, since all plastified points were aligned).
Let us insist once again on the fact that the observations made here
only concern locally plastified specimens. It would not have been possible to explore such high stress ratio values and such high plastification levels in the High Cycle Fatigue with uniaxial smooth specimens.

Model predicted 2 105 cycles iso-life line
Expimental points
Local equivalent alternated stress (MPa)

Model predicted 5 105 cycles iso-life line

Broken specimen @ 106 cycles (exp)

Model predicted 106 cycles iso-life line

Broken specimen @ 2 106 cycles (exp)

Experimental 106 cycles iso-life line

Broken specimen @ 5 106 cycles (exp)

Model predicted 5 106 cycles iso-life line

σ ∞f @ R = −1
0

500

Model predicted no crack area
1000
1500
2000
Local mean stress trace (MPa)

2500

3000

Figure 10 - Partial multiaxial AII / σ ∞f vs. trσ Haigh diagram (TA6V alloy at a low temperature).

Issue 9 - June 2015 - Multiaxial Haigh Diagrams from Incremental Two Scale Damage Analysis

AL09-05

9

Model 2 105 cy iso-life line

Local equivalent alternated stress (MPa)

Model 5 105 cy iso-life line
Model 106 cy iso-life line
Experimental 106 cy iso-life line
Model 5 106 cy iso-life line

Expimental points
Broken specimen @ 106 cycles (exp)
Broken specimen @ 2 106 cycles (exp)
Broken specimen @ 5 106 cycles (exp)

σ ∞f @ R = −1
Model predicted no crack
area below the asymptote line
0

500

1000

1500

2500

2000

3000

Local mean stress trace (MPa)

Figure 11 - Multiaxial AII / σ ∞f vs. trσ Haigh diagram (TA6V alloy at a low temperature).

In box 1, from the two-scale damage model constitutive equations,
the asymptotic fatigue limit is shown to be linearly mean stress dependent as at infinite lifetime,
in 1D : σ a = σ  = σ ∞f − aσ
in 3D, proportional loading : AII = σ  = σ ∞f − a trσ

(25)

so that the Sines criterion is retrieved in 3D, under a proportional
loading assumption with octahedral stress AII equal to the Von
Mises norm of stress tensor amplitude. The fatigue limit in shear is
obtained as τ ∞f = σ ∞f / 3 for any mean shear stress τ : it is not
mean stress dependent, as experimentally observed [59, 42].
Bi-linear mean stress effect
A non-linear or at least bilinear modeling of the mean stress effect is
sometimes needed if the applications range from alternated fatigue to
high mean stress loading [33, 6].
A bilinear mean stress effect on the fatigue asymptote can be introduced into the two-scale damage model, by considering a bilinear
definition of the first invariant term of the criterion function at the
microscale, as

(

f µ = σ µ− X µ

)

eq

+ K µ (σ H ) − 3τ ∞f

1

(26)
3a1σ H
if σ H ≤ σ 0


3
K µ (σ H ) = 
 3a σ + (a − a )σ if σ > 1 σ
2 H
1
2
0
H
0
3

where a1, a2 and the mean stress domain transition stress
0 are material parameters and K µ (σ H = 0) = 0 so τ ∞f
is the fatigue limit mean stress, independent in pure shear.
K µ (σ H ) = 3aσ H = a trσ = a trσ µ is recovered and the linear
mean stress effect from a1 = a2 = a.

The dependency of the fatigue limit σ  on the mean stress is now
obtained as follows. For a positive mean stress:
• for σ ≤ σ 0

σ a = σ ∞f − a0σ

• for σ > σ 0

σ a = 3τ ∞f − (a1 − a2 )σ 0 − a2σ

where

σ ∞f =
σ0 =
a0 =

2 3τ ∞f − (a1 − a2 )σ 0
2 − (a1 − a2 )

σ ∞f

− 3τ ∞f + (a1 − a2 )σ 0

(27)

a0 − a2
a1 + a2
2 − (a1 − a2 )

The calculations of an asymptotic multiaxial Haigh diagram (at infinite
lifetime) can be found in Appendix A. Note that over the entire range of
mean stresses, including the highly negative ones, the Haigh diagram
is in fact trilinear.

Conclusion
The computation of two complementary multiaxial Haigh diagrams
has been presented by means of an incremental two-scale damage
analysis. Damage and failure are considered as part of the material
behavior, in High Cycle Fatigue also, and this even if a structure behaves elastically at the macroscopic scale. The time integration, time
step by time step, of the plasticity coupled with the damage microscale constitutive equations determines HCF failure, here the microcrack initiation, simply by the reaching of a critical damage, D = Dc,
in 3D cases, in notch yielding cases, in any general complex fatigue
loading cases.
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The two scale damage analysis has been carried out on TA6V notched specimens at a low temperature. The TA6V specimens were
tested at up to 107 cycles at different stress ratios, from R = 0.5 up
to R = 0.9. The advantages of notched specimens have been pointed
out as twofold,
• on the one hand, they allow an interesting bi-axial stress state
to be obtained in the average proportion of 70% in axial and 30% in
hoop stresses,
• on the other hand, they allow high stress ratios and high local
plastification levels to be easily explored; these levels are often observed in real structures.
This is often not possible with uniaxial (smooth) specimens.
The model has been identified first by fatigue data for a single population of smooth specimens tested at R = -1. It has then been applied,
in a post-processing approach, to notched specimens exhibiting plastification at the notch tip (at different stress ratios R). Both the nonrupture events and the numbers of cycles to crack initiation have been
correctly predicted. An average factor of 2 has been obtained between

the experimental lifetimes and the computed numbers of cycles to
crack initiation (over a 21 notched specimen population).
This work also emphasizes a quite good concordance between the
experimental iso-lifetime curves and their theoretical counterparts, at
least at NR = 106 for TA6V at a low temperature: they decrease and
seem to converge towards a unique asymptote in Haigh diagrams, as
the stress ratio increases. This asymptote corresponds to the infinite
alternated fatigue limit, a material parameter also called asymptotic
fatigue limit, for the considered titanium alloy – a TA6V optimized for
aeronautics applications.
The asymptote may not be horizontal, thus leading to a stronger mean
stress effect. A way to obtain a linear or piecewise linear Haigh diagram from the two-scale damage model has been finally addressed.
Finally, note that neither the scale nor the gradient effects have been
introduced (nor are they needed) in the modeling. A quantitative
study of such effects for this titanium alloy is left for further work.
It must be noted that the possibilities of gradient modeling within a
two-scale damage model can be found, in [16, 46] 

Box 1 - Mean stress effect from a two-scale damage model: proof under proportional loading
Under a proportional loading, a time-space multiplicative decomposition can be applied:

σ = σ (t ) Σ

with Σeq =

2
Σ ' :Σ ' = 1
3

(1-1)

where σ = σ (t ) = sign(σ )σ eq is a scalar function (the signed Von Mises stress) and  is a constant tensor, normed, such as
1
tr>0, so the stress triaxiality is σ H / σ eq = sign(σ ) tr Σ .
3
At the microscale, due to the Eshelby-Kršner scale transition (5), proportionality is maintained only for deviatoric tensors :
3 µp
ε Σ ' and X µ = X µ Σ '
2
where X µ = C µ (1 − D)ε µ p for the now scalar kinematic hardening law.
eµ p =

(1-2)

′
The deviatoric part of the scale transition for the deviatoric tensors gives σ µ = σ ' − 2G (1 − β )ε µ p = (σ − 3G (1 − β )ε µ p ) Σ ' , so quantities at the microscale can be expressed from the scalar signed Von Mises stress :

 tr (σ µ ) = tr (σ ) = σ tr ( Σ )
 µ
µ
µ µp
(σ − X )eq =| σ − (3G (1 − β ) + C )ε |

(1-3)

The expression (24), generalized into Eq. (26) for the yield criterion at the microscale, becomes in proportional loading :
f µ =| σ − (3G (1 − β ) + C µ )ε µ p | + K µ (σ H ) − 3τ ∞f

(1-4)

The extrema of a cycle at the onset of plasticity f = 0 at both the maximum stress Max and minimum stress min are
 f Max = σ Max − (3G (1 − β )ε µ p + X µ ) + K µ (σ HMax ) − 3τ ∞f = 0

µp
µ
µ
∞
 f min = −σ min + 3G (1 − β )ε + X + K (σ Hmin ) − 3τ f = 0
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Infinite lifetime (endurance) corresponds to a possible pre-yielding, but then to elastic loading at constant p and X at the microscale,
1
1
to a stress amplitude lower than σ a = (σ Max − σ min ) = (σ Max Σ′ − σ min Σ′)eq = AII (due to Σeq = 1 ) determined from both condi2
2
1 µ
∞
µ
tions f Max = f min = 0 . In any case, it is AII = 3τ f − ( K (σ Hmin ) + K (σ HMax )) ,
2

1
• if a linear Drucker-Prager expression (24) is used ( K µ (σ HMax ) + K µ (σ Hmin )) = ktr σ so that linear Sines criterion describing
2
the infinite lifetime domain is obtained :
AII =

1
(σ Max −σ min )eq = 3τ ∞f − a tr σ
2

(1-6)

• if a bilinear definition of function K µ (σ H ) is used, there are 3 cases :
i) trσ Max ≤ σ 0 or ii) trσ min ≥ σ 0 or iii) tr (σ Max ) > σ 0 and tr (σ min ) < σ 0 .
For cases (i) and (ii) the same parameter ai acts in fmin and fmin so that the same calculations as previously hold, therefore the mean
stress effect is linear (but with different slopes a1 or a2) as

when trσ Max <σ 0
when trσ min >σ 0

1
(σ Max −σ min )eq = 3τ ∞f − a1 tr σ
2
1
AII = (σ Max −σ min )eq = 3τ ∞ − (a1 − a2 )σ 0 − a2 tr σ
f
2

AII =

(1-7)

In the last case, the two constants a1 and a2 act as in eq. (26)
 trσ Max > σ 0

 trσ min < σ 0

f µ = σ Max − (3G (1 − β )ε µ p + X µ ) + a2σ Max tr Σ+ (a1 − a2 )σ 0 − 3τ ∞f = 0
f µ = −σ min + 3G (1 − β )ε µ p + X µ + a1σ min tr Σ− 3τ ∞f = 0

(1-8)

By adding the two equations, at identical p, the amplitude is obtained:

σ a = 3τ ∞f − (a1 − a2 )σ 0 − (a2σ Max + a1σ min ) tr Σ

(1-9)

Finally, using σ Max = σ + σ a , σ min = σ − σ a , tr Σ = trσ / σ eq and σ a = AII in such a proportional cyclic loading a linear mean
stress effect is obtained, which is stress triaxiality dependent, with a slope in the Haigh diagram different from parameters a1 and a2,
 trσ Max > σ 0
when 
 trσ min < σ 0

A II =

2 3τ ∞f − (a1 − a2 )σ 0

σ
2 − 3(a1 − a2 ) H
σ eq

a1 + a2

−

2 − 3( a1 − a2 )

σ
σ H tr
σ eq

(1-10)

In uniaxial tension-compression Σ = diag[1,0,0] , there is a diagonal tensor so

σa =

2 3τ ∞f − (a1 − a2 )σ 0
2 − (a1 − a2 )

−

a1 + a2
σ = σ ∞f − a0 σ
2 − (a1 − a2 )

(1-11)

This last equation defines the mean stress effect at low mean stress, if a parameter 0 is identified that is smaller than the uniaxial
fatigue limit σ ∞f . It thus defines the fatigue limit at zero mean stress σ ∞f from the fatigue limit in pure shear τ ∞f and the parameters
a1, a2, 0 of the bilinear K µ (σ H ) function.
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T

he aim of this paper is to present the fatigue damage modeling approach developed
at ONERA for the fatigue life prediction of composite materials and structures. This
paper is divided into five sections. The first one explains why the already developed
and validated methods for fatigue life modeling of metals and alloys cannot be directly
applied to composite materials. Thus, the proposal of an efficient fatigue model for
composite materials necessitates a good understanding of the specific damage mechanisms that occur under static and fatigue loadings of composites. These damage
mechanisms are detailed in the second section. Then, the next section presents the
different types of models reported in the literature; among them, the progressive
damage models, to which special attention will be paid. Finally, structural simulations
and constant-life diagrams will be considered in the last sections.

Introduction
The introduction of composite materials in a wide range of structural
components requires engineers and research scientists to reconsider
fatigue loading as a factor inducing failure, even for structures where
fatigue was not traditionally considered as an issue. Up to now, composite materials were considered as fatigue insensitive and one of the
ideas implied behind this statement was that the conventional loading
levels applied to components were far too low to initiate any local
damage that could induce catastrophic failure under repeated loading.
Then, the requirement for no growth of defects, i.e., manufacturing
defects and accidental damage, has always been assumed to be sufficient for the design of composite airframes subjected to fatigue loading.
However, this assertion has been questioned by the aerospace industrial sector. Indeed, with the continuous improvement of composite
design methods during the last decades and the imperative of structural
mass minimization for recent airliners, during in-life service composite
structures are subjected to loadings increasingly closer to their static
strength. To be more specific, increasing the operational loads in the
structures by reducing the static strength margins down to their minimum values does not make fatigue critical for composite structures
[68]. However, this assumption is likely to lead to situations where
more unstable fatigue cracks develop in areas where out-of-plane
stresses may be found. Fatigue is also inherently an important issue
in rotating composite structures. Applications are as diverse as rotor
blades for wind turbines and helicopters, marine propellers, flywheels,
paper machine rolls, etc. Matrix fatigue degradation and fiber failure are
the main failure modes and they should be avoided through sensitive
design. An iterative process for the definition of different prototypes is

usually required and, in order to reduce cost and time for product development, accurate fatigue behavior simulation is critical for composite
structural components or structures.
Consequently, fatigue of composite structures is of growing interest
and leads industrials to develop accurate fatigue modeling, as well as
a better prediction of delamination in laminates during fatigue loading.
Since fatigue of metallic materials is a well-known phenomenon, first
attempts to account for fatigue in composites consisted in adapting to
composites, the already existing methods for metallic materials [68].
Unfortunately, the situation regarding the fatigue behavior of composite materials is different from that of metals and alloys. The methods
developed for metallics are unsuitable and strongly not recommended
for composites, as will be explained in the first section of this paper.
Thus, in order to develop fatigue models for composite materials and
to achieve a more optimized design and selection of materials, it is
first necessary to understand the damage mechanisms and failure
modes to propose models suitable for either conventional laminates
or woven composite structures. However, as mentioned in [5], it is
“difficult to get a general approach of the fatigue behavior of composites materials, including polymer matrix, metal matrix, ceramic matrix composites, elastomeric composites, Glare, short fiber reinforced
polymers and nano-composites”.
Research on the fatigue performance of advanced composites started
at the beginning of the 70s, just after their introduction and first applications. A lot of experimental work has been performed over the last
four decades for fiber-reinforced composites and very comprehensive databases have been constructed, particularly concerning wind
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power applications [34]. Along with these experimental works, theoretical
models have been developed to predict damage accumulation and fatigue
life for fiber-reinforced composites with various stacking sequences and
fiber- and matrix-types under loading conditions that vary from constantamplitude loading to spectrum loading [4, 20, 28, 38, 57, 58, 77]. A
classification of these models will be presented further in this paper. Despite all of these studies, research efforts should be continued to meet the
challenge of developing models with a more generalized applicability in
terms of loading conditions and of material selection.

can reach 0.9 for CFRP (Carbon Fiber Reinforced Polymer). These
values are comparable to those found for metals, i.e., less than 0.5,
and only 0.3 for aluminum alloys (Figure 2).
However, despite their high fatigue performances, composites are not
totally sheltered from fatigue damage, due to, essentially, the variety
of configurations (types of fiber, resin and lay-up) that can result in
different endurances. Figure 3 shows a comparison of various architectures with regard to fatigue performance.
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How should the issue of fatigue be addressed
for composite materials?

1

Mean stress
mean

Normalized Stress

Stress, 

Stress
amplitude a

0

R=0

R=0.1

-0.5 R=10

Minimum stress min
0

R=0.5

0.5

-1

R=-1

R=∞

Time, t

Metals vs. composite materials

Percentage of ultimate strength

100
Aluminium
AS-graphite/epoxy
60

Steel

40
S-glass epoxy
20

0
101

102

103

104
105
Cycles to failure

106

Flexural fatigue at 23°C (73°F)
Axial fatigue at 23°C (73°F)

ov

en

50
Nonw

20

Woven

ect

ion

Nonw

ias±5
°
Nonwo
v

al

en 85%

oven c

ross-p

Random glas

ctional

-50)
Woven
1

[0°/90°]
81 gla

lding c

UD [0°]

unidire

ly (50

181 g
lass fa
bric
m sho
rt glas
s fiber
mo

Rando

10
0
103

idir

oven b

40
30

un

ompou

Nonwoven

ss fab

nd

ric unidirectional

104

105

106

Woven [50/50]

Short fibers

s fiber mat

107

108

N
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Figure 1 - Sinusoidal loading and relevant terminology of different loading
R-ratios from Post et al.[59]
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Fatigue in materials is caused by repeated loading and unloading
cycles to maximum stresses lower than the ultimate tensile strength
of the material. Cycling loading and the different loading regimes are
characterized by the R-ratio (R=min/max ) as reported in figure 1.
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Figure 2 - Comparison of fatigue strengths of graphite/Epoxy, steel, fiberglass/Epoxy and aluminum from Weeton et al. [91]

As mentioned previously, metals and composites behave differently
under fatigue loading. Bathias [5] devoted an entire paper to the
comparison of fatigue damage between metals and composite materials, and pointed out some important differences between metals
and high performance composites. The main differences are summarized as follows. Composite materials exhibit a better resistance
to fatigue, compared to metals. The fatigue ratio, SD/UTS, between
the fatigue strength, SD, in tension-tension (0<R<1) and the ultimate static tensile strength, UTS, is always higher than 0.4 and

A difficulty with composite materials is that increasing fiber resistance
or matrix toughness, or even improving fiber/matrix bonding, does
not always result in an improved fatigue performance, i.e., a longer
fatigue life and a higher fatigue ratio [40].
The fatigue resistance of composite materials is much lower
in compression–compression (R>1) than in tension-tension
(0<R<1), whereas it is the contrary for metallic alloys. Tensioncompression fatigue is more deleterious than tension-tension
fatigue and is the most detrimental loading condition for fatigue
of composites. Note that the ratio SD/UTS under compressive
loading can be as low as 0.3 for some composite materials.
Under bending, the behavior of composite materials is difficult
to determine because of the multitude of types of damage that
occur (transverse cracks due to tensile loading, delamination,
fiber kinking due to compression loading). As a result, the fatigue
of composite materials is a complex phenomenon. For instance,
even if the compressive strength of a composite is generally lower
than the tensile strength and the composite is less damaged under
compression loading, an effect of the tension damage on the compressive strength can be observed.
The comparison between damage accumulation in composite materials and in homogeneous materials, as a function of the number of
cycles, is schematically described in figure 4. A relatively large part
of the total fatigue life in metals is devoted to the stage of gradual and
invisible deterioration (i.e., mesoscopic scale damage, such as: dislocation cells, persistent slip bands (PSB), etc.). There is no significant
reduction of stiffness in metals during the fatigue process. The final
stage of the process starts with the formation of small cracks, which
are the only form of observable damage. These cracks grow gradually
and coalesce quickly to produce a large crack leading to final failure of
the structural component [86].
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Damage

During fatigue of composites, damage starts very early, after only
a few hundred loading cycles or even during the first loading cycle
for a high stress level. This early damage is followed by a second
stage of very gradual degradation of the material, characterized by a
progressive reduction of the apparent stiffness. More severe types of
damage appear in the third stage, such as fiber breaks and unstable
delamination growth, leading to an accelerated decline and, finally, to
catastrophic failure [86].
Composite
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earty cycles
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Damage

Stage 1
Matrix cracking
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0°

a)

0

Generally, failure of composites under static loading is due to a combination of various interacting mechanisms leading to the final rupture. In the case of laminates, as well as in a single lamina, different
kinds of damage mechanisms can be found. Failure usually originates
at the interface between matrix and reinforcement (i.e., debonding),
especially on defects, which are always present in composites, mainly due to the manufacturing process. Other common types of failure
modes are: matrix cracking, fiber rupture, delamination (in laminates)
and buckling (in compression).
During fatigue, the first stage of deterioration of continuous fiberreinforced polymers is characterized by the formation of a multitude
of microscopic cracks and other forms of damage, such as fiber/
matrix interface debonding and fiber pull-out from the matrix. As
mentioned earlier, during fatigue, damage starts very early (Figure
5 a-b). During this initial loading period (Stage 1), there is generally
a small drop in stiffness associated with the formation of damage.
Then, there is a second stage of very gradual degradation of the
material, where the stiffness reduces progressively and where damage seems to increase slowly and linearly. More serious types of
damage appear in the third stage, such as fiber breakage and unstable delamination growth, leading to an accelerated decline with an
increasing amount of damage and finally catastrophic failure [23].
Schulte et al. [71-73] first reported this three-stage stiffness reduction and it has, since then, been observed in many different types of
composite materials, and also in woven composites [22, 93].
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Figure 4 - Comparison of the damage evolution as a function of the number
of cycles for composites and metals.

Fatigue damage mechanisms in composite materials

0° 0°

0°

0° 0°
Stage 2
Coupling between transverse cracks
and interfacial debonding

0

Number of cycles

All of these differences between metals and composite materials lead
to developing specific methods for modeling the fatigue behavior of
each material. Usually, methods for predicting the damage initiation
are sufficient for metals, whereas it is necessary to follow the evolution
of the different damage mechanisms in composite materials and to be
able to estimate the effect of these different damage modes on the
material behavior and failure (residual performances). Consequently,
methodologies developed for metals are not suitable for composite
materials. In order to develop specific methods for composites, it is
thus imperative to understand their fatigue damage mechanisms.

Stage 3
Delamination

CDS

Metal

Cycles at
failure

Stage 5
Fracture

100

Stiffness

Damage
1

1
b)

101

2

102

103

3

104

105

Stages

106

Cycles

Figure 5 - a) Fatigue crack growth in cross-ply laminates and b) the three
characteristic stages of fatigue damage in composites from Reifsnider [62]

Several authors have shown that the observed damage mechanisms are identical for laminates under static and fatigue loadings
[66, 85, 90]. However, the crack evolution laws are different and
the damage threshold in fatigue is lower than the damage threshold
during static loading [7, 8, 42].
Another type of composites, such as woven-fabric composites, is
showing growing interest and is used in advanced structural applications due to its inherent advantages. Indeed, the advantages
conferred by the woven reinforcements compared to fiber lay-ups
are an easier manipulation and ply stacking during composite manufacturing, good drapability properties that allow the use of woven
reinforcements in complex mold shapes, increased impact resistance and damage tolerance of the composite material and delamination resistance capability owing to the presence of fibers along
the thickness direction. Along with these advantages, composite
materials based on woven fabric reinforcements achieve high stiffness and strength, comparable with those obtained through traditional fiber reinforcements.
In 2D woven composites (fabric formed by interlacing the longitudinal
yarns (warp) and the transverse yarns (weft)), such as plain, twill
or satin), four types of damage mechanisms occur under static and
fatigue loadings: intra-yarn cracks in yarns oriented transversely to
the loading direction, inter-yarn decohesion between longitudinal and
transverse yarns, fiber failure in longitudinal yarns and yarn failures
[9, 11, 52, 54, 82, 85].
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Figure 6 - Scheme of the tensile fatigue damage development in woven fabric composites,
subjected to a tension–tension fatigue loading in the weft direction from Pandita et al. [54].

A damage scenario consisting in four stages can be deduced from
these works (Figure 6) and has been proposed by Pandita et al. [54].
Under fatigue loading, for a plain-weave fabric composite subjected
to a maximum tensile fatigue load of 0.5 of the static strength in the
on-axis direction, there is no or very little fatigue damage in the first
stage (Figure 6a). In a second stage, fatigue damage consists of
fiber-matrix debonds and matrix cracks in transverse yarns, leading
to a continuous transverse crack (Figure 6b). This transverse crack
subsequently grows either into a matrix-rich area or is deflected into
the longitudinal fiber bundle within the same layer, a phenomenon
called ‘meta-delamination’ (Figure 6c). It constitutes the third stage,
characterized by a saturation of intra-yarn cracks. The propagation of
the transverse cracks proceeds very slowly. The fourth stage (Figure
6d) consists in the separation between the longitudinal yarns. Finally,
in 2D woven fabrics, static and fatigue damage mechanisms are similar, the only difference concerning the damage evolution laws.
The geometry of 3D or interlock woven composites and composites
with braided reinforcement is so complex that it is generally difficult
to clearly separate the occurring damage mechanisms: microcracking, interface failure, void initiation and void growth. A major difference, compared to composite laminates or 2D woven composites,
is that delamination is impeded. During static loading, the observed
damage mechanisms are intra-yarn cracks in transverse yarns, interyarn debonding between longitudinal and transverse yarns, fiber failure in longitudinal yarns and failure of the yarns. These 3D woven
composites, which have very good mechanical properties - improved
through-thickness elastic properties, resistance to delamination and
to impact damage - present similar static and fatigue mechanisms, as
observed experimentally [31, 69].
To summarize, while damage mechanisms are really different between
UD laminates and woven composites, in both cases, these damage
mechanisms are comparable under either a static or a fatigue loading.
The only change is in the damage evolution laws.

Fatigue damage modeling
State of the art
As mentioned earlier, fatigue studies started mainly with experimental
campaigns during the 70s in the aerospace field to demonstrate that
fatigue was not a real issue at that time. Some experimental campaigns
are still conducted nowadays. For example, an extensive material tes-

ting program, the OPTIMAT research program [34], was conducted
recently over 3000 individual tests over four years. Testing has been
focused on the mechanical properties of the composite materials commonly used in modern wind turbine blades, specifically epoxy GFRP
(Glass Fiber Reinforced Composite). However, experimental tests are
expensive and it is difficult to cover all of the configurations.
In order to reduce the number of tests for predicting composite
fatigue failure, composite fatigue modeling is required. An interesting article written by Degrieck and Van Paepegem [17] focuses on
the existing modeling approaches for the fatigue behavior of fiber
reinforced polymers and gives a comprehensive survey of the most
important modeling strategies for fatigue behavior. A more recent
paper written by Sevenois and Van Paepagem [76] gives an overview of the existing techniques for fatigue damage modeling of FRPs
with woven, braided and other 3D fiber architectures. The aim of
the present paper is not to give an in-depth discussion of the fatigue
models; thus, the interested reader will be asked to refer to references [17, 76]. In the first reference, the authors justify the classification, currently made by Sendeckyj et al. [75], concerning the
large number of existing fatigue models for composite laminates.
This classification consists of three major categories: fatigue life
models (empirical/semi-empirical models), which do not take into
account the actual degradation mechanisms, but use S-N curves or
Goodman-type diagrams and introduce a fatigue failure criterion;
phenomenological models for residual stiffness/strength; and, finally, progressive damage models (or mechanistic models), which use
one or more damage variables related to observable damage mechanisms (such as transverse matrix cracks, delamination). Note
that this classification has been recently slightly modified for fatigue
damage modeling techniques for FRP (Fiber Reinforced Polymers)
with woven, braided or other 3D fiber architectures [76], but the
classification reported in the following refers to [17].
Empirical or semi empirical models quantify failure or determine the
composite fatigue life based solely on a fixed loading condition (i.e.,
the stress state). These experimentally based models are all specific
to certain types of composite materials and do not consider specific
damage mechanisms in their formulation. They require extensive and
expensive experimental campaigns and are difficult to extend towards
more general loading conditions. This methodology is traditionally
used by industrialists. Various models can be found in the literature
[12, 19, 20, 28, 63]. As shown in figure 7, (semi ) logarithmical formulations can be used as well as numerous other S-N formulations;
some of them are reported in figure 7.
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Figure 7 - Various constant amplitude S-N curve fits for (0°)8 glass/epoxy,
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Phenomenological models describe the fatigue behavior of the
composite through the evolution of macroscopic properties,
such as stiffness [39, 56, 81] and strength [16, 36, 65, 78].
The loss of these macroscopic properties is usually described.
Residual strength models possess a natural failure criterion
(Figure 8): if the residual strength falls to about the same level
as the externally applied stress, then, the material fails [26].
However, it necessitates destructive tests. Empirical models and
residual strength models cannot be used to simulate the stiffness degradation during fatigue life because both S-N fatigue
life methodology and residual strength approach do not take
into account the loading history, i.e., the successive damage
states, the continuous redistribution of stress and the reduction
of stress concentrations that appear during the gradual degradation of a fiber-reinforced composite in a structural component.
Residual stiffness models describe the degradation of the stiffness properties due to fatigue damage in terms of macroscopic
variables, but they exhibit much less statistical scatter than residual strength models.
1.2

Residual stress, GPa

A damage model has also been proposed by Van Paepagem et al.
[87, 88] and is based on anisotropic damage evolution functions with
separate terms for the damage initiation, the damage growth and the
final progressive damage evolution. This model can simulate stiffness
damage, stress redistribution and accumulation of permanent strain.
The use of a modified Tsai-Wu static failure criterion has been proposed. The fatigue damage model has been applied to displacementcontrolled bending fatigue experiments of plain-weave glass/epoxy
specimens and good agreement was found between predicted and
simulated specimen deformation and applied force.
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Van Paepegem [17] subdivide progressive damage models into two
classes:
• Damage models that predict the damage growth as such (e.g.,
number of transverse matrix cracks per unit length, size of the delaminated areas). These models consider one specific damage mechanism and determine the physical change in damage with increasing
loading cycles. They are typically of the form of the well-known
Paris’ law for crack propagation in homogeneous materials (i.e., da/
dN). References, essentially on fatigue of composite laminates, can
be found in [6, 21, 30, 70].
• Models that correlate the damage growth with the residual
mechanical properties (stiffness/strength). One of the major causes
of the stiffness degradation is distributed matrix cracking, and such
a type of progressive damage suggests the use of a continuum
damage model to describe the material behavior [41, 43, 46, 83].
These models typically use Finite Element models to simulate the
damage progression and some of them have been extended to predict the fatigue life of a structural component. Among the various
studies on laminates, different contributions must be quoted: [1, 2,
13, 44, 45, 51, 67, 74, 79, 80, 84]. Most of these works concern
fatigue of laminate composites. A few research groups deal with
fatigue of woven composites. Among them, Hochard et al. [32, 33]
developed a fatigue damage approach as a combination of a static
damage model and a cumulative damage evolution law based on a
thermodynamic approach. Modeling both static and fatigue loadings
with the same model is allowed by the use of a non-linear cumulative
law that describes the damage evolution according to the maximal
load and the amplitude of the cyclic loading. This model is based
on a damage model developed for UD carbon/epoxy laminates [55].
Thanks to the assumption consisting in replacing the woven ply by
two stacked unidirectional virtual plies, this generalized model can
be used to simulate the mechanical behavior of various unbalanced
woven plies, from quasi-unidirectional to balanced woven plies. This
model has been applied with success to a 5-harness satin weave
glass/epoxy laminate without stress concentration. Nevertheless, a
plane stress assumption is made and this model cannot be directly
applied to thick 3D woven composites.

7

8

Figure 8 - Residual strength curves for 0/90 GRP laminate samples subjected
to fatigue cycling at an R ratio of 0.1 and various stress levels [24]

Progressive damage models, which use one or more damage variables related to measurable effects of damage (interface debonding,
transverse matrix cracks, delamination size, etc.), are claimed as
the most promising models because they quantitatively account for
the damage accumulation in the composite structure. Degrieck and

These two models have been developed for 2D woven composites and
not for 3D woven interlock composites. The plane stress assumption
cannot be applied [61], since these composites are relatively thick.
An important feature of these degradation approaches is that they
enable variable amplitude loadings to be dealt with, since they can
take into account a change of stress state during loading. Actually,
traditionally, fatigue characterization of a material is performed under
constant amplitude sinusoidal loading and most experimental studies
of variable amplitude loading in composite materials have focused on
loading that consists of two or more constant amplitude blocks with
two to four stress levels and R-ratios [27, 53, 92]. Nevertheless, the
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block loading tests are not representative of realistic loading situations and may not even generate the same type of damage state in the
material. The majority of the models presented in the literature have
only been applied to constant amplitude loading and block loading
with a few stress levels. The reader is referred to a comparative study
presented in [59] that evaluates different models in terms of their
predictive capability under more realistic spectrum loading cases of
interest to the wind turbine and naval architecture industries.
ONERA fatigue damage modeling of 3D woven interlock PMC and
CMC composites
ONERA has been working for years on progressive damage models
under static loading of 3D polymeric and ceramic woven composites
(ONERA Damage Model (ODM) [46, 48]). These two models accurately describe the static behavior of either 3D woven polymer matrix
composites (PMC) or ceramic matrix composites (CMC). Recently,
they have been extended to fatigue loadings [29, 61]. As mentioned
previously, in the case of interlock woven PMC, the same damage
mechanisms occur during monotonic and fatigue loadings, but their
damage evolution laws differ. These damage mechanisms are described using damage variables that describe the effects of damage
on the behavior in the three main directions of the woven composite. Then, a cumulative damage dk, per k mechanism (k=1, 2 or 3),
is defined by adding two terms: one part is due to the monotonic
loading d kMon and the other one is governed by fatigue loading d kFat .
The monotonic damage law depends on the driving forces yk which
are themselves a quadratic form of strain: yk=fct(). This leads to a
scalar (instead of a tensor) formulation, which is easier to analyze and
to generalize to multiaxial loadings. The matrix damage driving forces
for monotonic loading are also assumed to drive the matrix damage
during fatigue loading:
d kMon

dk

(

)

yMax + d kFat ( yMax , Ryk )

(1)

The cyclic damage law, where N is the number of cycles, includes
the description of the matrix damage evolution during cyclic loading:

δd
=
δN
ü
k

(

 1 − ü βk
−
yk )
Max ( k )
γk  (
d ∞( k ) − d k 
ycü( k )



 ymin ( k )

Ryk =  yMax ( k )
 0


)

if yMax ( k ) > 0
elseif

ü
0( k )

δk

+







(2)

except spectral loading, in which all cycles have a different load evolution. To address these complex loadings, a 3D kinetic damage model for woven PMC composites, i.e. with a rate form written damage
evolution laws ( ∂d /∂t =... ), is currently under development in collaboration with LMT-Cachan [3] based on the ODM-PMC model. A
specific feature of the proposed damage law is that it only introduces
one damage variable per mechanism, but with two contributions (a
monotonic contribution and a fatigue contribution). The kinetic damage evolution law can be applied to different kinds of loading (monotonic, fatigue, random) and is also mean stress dependent [18].
The final damage evolution law recovers the initial cumulative damage
ODM-PMC model exactly in cases of monotonic and creep loadings.
Concerning the yarn failure (due to fiber failures), even though the
fibers are usually assumed to be insensitive to fatigue loadings [82],
matrix damage leads to load transfer to the fiber bundles leading to
fiber failure, thus inducing a reduction in the effective strength of the
fiber bundles. Finally, fiber bundle fracture is used as a criterion for
the evaluation of fatigue lifetime, as well as residual strength. The
rupture is induced by a sudden and unstable multiplication of fiber
failures in the yarns. These yarns can be considered as the critical
element in the sense of Reifsnider [64], since their failure defines
the composite failure. There is no first sign of damage for the yarn
(loss of modulus) because early failures are limited and spatially
dispersed.
Fatigue of CMC woven composites is also a new subject of interest in the
community [15, 60]. CMC woven composites can be used in the aerospace industry, because of their low mass density and good mechanical
properties at high temperature, since they are protected against oxidation
by a self-healing matrix at temperatures higher than 650°C. A fatigue model, based on the ODM model specifically devoted to CMC woven composites (five damage variables, since damage is oriented by the loading
[47], instead of three variables for PMC woven composites for which
damage is mainly oriented by the microstructure) has been developed
at ONERA [29, 49]. The lifetime of the material is determined through a
macroscopic mechanical model and a physicochemical model, which
is time-dependent. The procedure has been validated considering SiC/
SiC specimens under fatigue loadings and subjected to different kinds of
environment, i.e., pressure (oxygen and water) and temperature.
Structural simulation

(3)

Ry evolves between 0 and 1 since the driving forces are always
positive. Moreover, this specific ratio definition is very convenient
to deal with multiaxial loadings. Note that when the stress ratio is
negative R< 0, the corresponding driving force ratio is null (because
ymin= 0 when R< 0). Rakotoarisoa [61] does not take into account
the behavior for compressive loadings in the model; consequently,
the damage evolution is only possible for tension (static or fatigue)
Fat
loadings (thus, only for positive stress ratios). y0(
is the fatigue
k)
damage threshold, yMax(k) is the maximal driving force (maximum over
one cycle) and ycü( k ) , k, k, k are model parameters. At saturation, the damage reaches the saturation value d∞(k) . This model has
been validated on smooth specimens and a good agreement was
found between experimental data and simulation. Variable amplitude
loadings can be described with this model, even creep loading cases,

These two models have been implemented in a finite element code
(ZeBuLoN), in order to (i) keep track of the continuous stress redistribution (the simulation requires the complete path of damage states
to be followed) and (ii) to perform fast and efficient finite element
simulations.
Figure 9 presents the modeling strategy to determine the fatigue life
and residual strength of interlock woven PMC composites. A first static analysis is performed with the quasi-static model to verify whether
the specimen has failed or not. If it is not the case, a first set of
cycles is applied. The cumulative damage law allows the resulting
matrix damage variables to be calculated. Then, before ensuring that
the bundle failure criterion is not attained, in order to perform the next
block of cycles, the strain fields, fiber bundle fracture variables and
matrix damage driving forces are updated by simulating one cycle
(shown in red in figure 9) with the quasi-static model. To reduce
the computational costs of the model, the updating is performed at
three characteristic load levels only: maximum and minimum load are
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Figure 9 - Modeling strategy for lifetime and residual strength prediction

chosen in order to calculate the parameters required for the failure analysis and the next fatigue analysis. The mean load is chosen in order to
estimate the evolution of viscous strain. This method can be considered
as an adapted version for composites of a jump-in-cycle procedure.
The value of the “cycle jump” can be determined by an automated criterion [45]. The damage variables are used as a measurement for determining the size of the block of cycles. The faster the damage evolution
is, the smaller the blocks are and, consequently, the number of cycles
per block. Moreover, the larger the number of cycles used to update the
driving forces is, the longer the finite element fatigue life simulations
are, since the updated cycle needs to be finely discretized. This model
has been applied to open-hole specimens, but the simulation results
still need to be compared with experimental data.

points with the same estimated lifetime, as a function of mean stress
and stress amplitude.

Constant life diagram

Vassilopoulos et al. [89] have examined the influence of the formulation of a CLD on the composite lifetime. The predictive accuracy
of the constant life formulation is very important because fatigue
analysis results are significantly affected by the accuracy of the
estimated S-N curve. They assessed the most common and recent
formulations considering the ease of application, the need for experimental data and forecast accuracy, as critical evaluation parameters. The main highlights are given in the following.

Generating fatigue data for every configuration as a basis for efficient
predictive models is not conceivable. Constant life diagrams (CLD)
offer a predictive tool for the estimation of the fatigue life of the material under loading patterns for which no experimental data exist. It is a
representation of S-N data. The constant-life lines in the CLD connect

Constant life diagrams for metals are usually observed to be symmetric, whereas for composites they are distinctly not, due to
the different tensile and compressive strengths that they exhibit.
Actually, in fatigue, there are different damage and failure mechanisms in tension and compression. Under tensile loading, the laminate composite is governed by fiber failures (in a fiber-dominated
lay-up). Under compression loading, the composite properties are
mostly determined by the matrix and matrix-fiber interaction. As
a result, a typical CLD for composite materials is often shifted to
the right hand side and the highest point is located away from the
R = -1, (mean = 0) line, as shown in figure 10.
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On the adjustment of non-linearity (Figure 10), several approaches
have emerged, i.e., piecewise linear "R-value multiple CFL diagram"
[50], power law [25], power law from a single S-N experimental curve
[37]and different power laws in tension and compression [10].
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1.5, traditionally used in aircraft structural design, generally provides
a very high level of reliability although not quantifiable. A probabilistic
certification method can provide additional and useful information for
a more efficient structural design. Recent works at ONERA have illustrated the implementation of an advanced probabilistic treatment by
applying it, as a beginning, to simple empirical models. The approach
is based on the SLERA principle (Strength-Life-Equal-Rank Assumption), which considers the static data dispersion as the main source
of the whole observed dispersion [14], as presented in figure 11.
The tools developed for the statistical identification are well adapted
to the available types of data (lifetimes, static / residual strengths)
and their structuring. They are based on the innovative use of the EM
(Estimation-Maximization) algorithm. This allows the identification to
be made more versatile and more effective compared to techniques
in the available literature. Its application to purely numerical fatigue
models is still in progress and will incorporate the already available
numerical techniques for propagating uncertainty.
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Figure 11 - SLERA principle (Strength-Life-Equal-Rank Assumption)[14]
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Figure 10 - Different types of CLD:
a - « multiple R-value CFL diagram »[50], b – power law [25]

Concerning the need for experimental data, the most demanding
approaches have proven to be the most reliable. This is the case of
the piecewise linear approach, which is the most accurate among
the various formulations analyzed when a minimum number of three
available S-N curves is available. The simplifying assumptions that
allow some models to expect only a few fatigue data [37] or none
[35] do not lead to a satisfactory accuracy. Moreover, these assumptions do not usually allow new fatigue measures to be incorporated “on the fly”. Finally, it should be noted that all of these
approaches raise the question of a joint processing of static and
fatigue data.
Uncertainties and variability
An inherent characteristic of composite materials, which must be
taken into account, is the variability in strength and fatigue life data.
This variability is higher than that observed in metals. The structural
reliability provided by the conventional deterministic design approach
(using safety factors) is different for composite and metal structures.
Composite structures have to be designed with the same level of
confidence as metallic structures and, therefore, a probabilistic-based
methodology is of interest. In addition to the scatter in strength and
life data, the uncertainties of the applied loads also affect the reliability of a structure. To deal with these uncertainties, a safety factor of

Conclusion / Perspectives
This paper has attempted to address the problem of fatigue life
prediction of composites from the point of view of ONERA. It describes the methodology that ONERA adopted to propose a fatigue life
modeling. In this respect, ONERA has taken advantage of years of
experience in progressive damage models under monotonic loadings,
both for laminates and 3D woven composites. Nevertheless, studies
on fatigue of composites are relatively recent at ONERA, less than
five years. The first idea was that ONERA would benefit from a good
knowledge of fatigue of metallics, in order to propose a fatigue model
for composites; however, as reported in the first part of this paper,
the fatigue methodologies for metallics cannot be directly applied to
composites. It has also been shown that the composite fatigue failure
modes are different depending on the type of composites (2D or 3D
woven, UD laminates). There is no single method for the modeling
of a series of composite materials. To propose a fatigue model for
3D interlock woven composites (PMC or CMC), the initial important
step for ONERA consisted in understanding the damage mechanisms
occurring in woven composite materials during fatigue. It resulted
from this study that the types of damage mechanisms in 3D interlock woven composites resulting from monotonic or fatigue loadings
are fairly similar. This then allowed the existing monotonic damage
models to be extended to a fatigue model. These models have been
applied to simple structures and the next step will consist in applying
them to real structures under real loadings. This constitutes a challenging perspective to this study. 
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Issues Related to the Constitutive Modeling
of Ni-based Single Crystal Superalloys
under Aeroengine Certification Conditions

T

his paper presents a constitutive modeling approach (the Polystar model) used
to compute the viscoplastic behavior and the durability of high pressure turbine
blades and vanes of aeroengines during complex thermomechanical histories typically
encountered during certification procedures. This model is based on internal variables
representing explicitly the microstructure evolutions occurring during very high temperature non-isothermal loading (e.g., dissolution/re-precipitation of the strengthening
phase, dislocation recovery mechanisms, etc.) in a crystal viscoplasticity modeling
framework. This article shows that the development of such a modeling tool requires a
good characterization of fast microstructure evolutions, as well as in-service-type experiments (using burner rigs) able to reproduce the complex thermomechanical loading
spectra. The capabilities of the model are illustrated, as well as its potential industrial
applications and further developments are commented.

Introduction
Having robust life-prediction methods for the design of aeroengine high
temperature components, such as turbine blades and vanes, are today
highly desired by engine makers, especially when considering certification procedures. Indeed, the thermomechanical paths encountered by
these components during certification are far more complex and severe
than during their service life. As an example, the procedures for the
certification of turboshaft engines for helicopters consist in mixing different engine regimes and repeated short very high temperature overheatings [1-4]. During these temperature peaks, high pressure turbine
blades made of Ni-based single crystal superalloys are exposed to extreme conditions (temperatures close to their melting point). However,
since these overheatings are short in duration (typically, from 5 to 150
seconds), the microstructure of the material is left out of equilibrium,
leading to a transient mechanical response of the alloy [1, 2, 5-7]. As
shown earlier by Cailletaud [8-10], a classical constitutive model in
which the temperature dependence is only taken into account by the
material parameters identified using isothermal experiments is not able
to reproduce out of equilibrium states. Figure 1 illustrates this in the
case of the polycrystalline Ni-based alloy IN 100, loaded under stress
control non-isothermal LCF conditions [9]. It is especially observed in
this figure that the modeling of the hysteresis loop using a classical
viscoplastic approach* (dotted line in figure 1) over predicts the hysteresis width compared to the experimental loop (black dots). In order
to obtain a better modeling of the behavior and life of the material, the
proposed solution is to introduce additional internal variables accounting for microstructure evolutions, such as dissolution/precipitation of
strengthening precipitates and their coarsening. This was already done
* Now at Texas A&M University, Department of Aerospace Engineering

by Cailletaud et al., as illustrated in figure 1, where such a "microstructure-sensitive" model was capable of accurately predicting the hysteresis loop after an overheating (continuous line in figure 1), even if the
additional internal variables used by Cailletaud et al. were only tailored
to capture the effect of microstructure evolutions at the macroscopic
scale, without any actual representation of it (such as, e.g., precipitate
size evolutions, volume fraction, or interparticle distances) [8-10].
σ ( MPa )

300

100
0.2

0

0.4

ε p (% )

-100

1000° C
900° C
Cycle 17

900° C
Cycle 18

Figure 1 - Measured (circles) and calculated (lines) loops of the IN100
superalloy before and after an overheating at 1000°C lasting 120 s during the
course of a fatigue test performed at 900°C, with ∆σ =
685MPa and R = −1
[9]. A decrease in the loop width is observed just after the overheating (black
circles). The calculated loop without additional variables (dotted line) is not
predictive of the post overheating loop compared to the model with additional
variables (continuous line).
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Such a modeling approach has been re-used more recently at Institut
Pprime, in collaboration with the Centre des Matériaux and ONERA,
using a crystal plasticity framework and introducing internal variables
accounting more accurately for microstructure evolutions [11-15].
The Polystar model was developed in 2007 to compute the creep
elongation and life of Ni-based single crystal superalloys subjected
to thermomechanical histories representative of those encountered in
the most severely damaged sections of high pressure turbine blades
during certification procedures (Accelerated Simulated Mission Endurance Testing - ASMET, or 150 hours engine tests). This model has
been identified for different alloys and is currently under evaluation at
SAFRAN-Turbomeca for 3D finite element calculations.
The aim of this article is to show that the development of such microstructure-sensitive models is necessarily accompanied by the performance of complex non-isothermal experiments and microstructure
characterizations. Hence, after presenting the basic ingredients of the
model and the microstructure evolutions occurring during very high
temperature jumps, specific microstructure characterizations and
burner testing experiments developed at Institut Pprime will be presented. The new burner rig facility developed (the MAATRE burner)
to reproduce aeroengine operating conditions with a good control of
both the applied temperature and the mechanical loading coupled with
a monitoring of sample deformations will be briefly detailed [4, 16].
Then, the model performances under complex thermomechanical
histories will be outlined, as well as some illustrative potential uses
of the Polystar model in an industrial context. Finally, some on-going
activities to improve the modeling approach will be discussed.

Basic ingredients of the model and the microstructural
evolutions considered
Basic single crystal model and hardening modifications
The model used for the simulation of the non-isothermal creep behavior through additions of physically motivated internal variables is a
crystal plasticity model that has been applied to numerous structural
calculations of components, such as tubular testing samples [17] or
single crystalline turbine blades made of superalloys [18]. The basic
equations of this model under a small strain assumption are recalled
below. γ s is the viscoplastic shear on a given slip system s, ν is its
accumulated value (the derivative of the second being the absolute
value of the first), τ s is the resolved shear stress on slip system s, ν is
the accumulated viscoplastic strain and ε p is the viscoplastic strain
tensor. The slip rate is determined (eq.(1)) by means of τ s , the isotropic hardening r s and the kinematic hardening x s. m s is the orientation
tensor calculated according to eq. (3), knowing the normal to the slip
system plane n s and the slip direction in this plane 1 s. Knowing the
applied stress tensor σ , the resolved shear stress is calculated according to eq. (4) and then the viscoplastic strain tensor is determined
using eq. (5). The damage evolution has been considered to occur at
the slip system level. The damage scalar d cd is therefore introduced in
eq. (1) using a concept of effective resolved shear stress. The damage
evolution equation will be presented in § " Damage law " of this paper.
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As a second assumption, only octahedral slip systems (i.e.
<110>{111} slip systems) will be considered (cubic slip <110>{001} - and stacking fault systems - <112>{111} - systems are ignored).
To introduce the microstructure evolutions occurring during temperature changes [1, 5, 19-21], a new form of the isotropic hardeningτ s
is proposed in eq. (6). τ s depends on the isotropic state variable ρ s
on the slip system s (eq. (7)) and on τ 0s , the critical resolved shear
stress as usually defined. A non-linear saturating form of ρ s is chosen
in eq. 7 to account for the transition from the primary to the secondary creep stage. It represents the increase of the dislocation density
in the γ channels and at the γ / γ ' interfaces during the early stage of
viscoplastic deformation and the critical dislocation density that can
enter into γ channels [22, 23]. In addition, two new improvements
have been made in the formulation of r s :
2 GB contribution has been added to
3 W[ 001 ]
account for the structural hardening brought by the γ ' -phase, whatever its kind of population (large or fine precipitation). G is the shear
modulus ( = C44 for orthotropic materials, such as single crystal superalloys), B the Burgers vector magnitude (= 0.254 nm), and W[ 001 ]
the γ -channel width along the [001] direction (i.e., in a (100) or a
(010) plane). Since dislocations under high temperature conditions
• An Orowan τ or =

2
3
correction factor is added when calculating the Orowan stress, using
γ corridor width along the [001] direction [24]. Linking W[ 001 ] with
the volume fractions of large and fine γ ' precipitates (see the next
section) then enables the modeling of the γ ' dissolution/precipitation
effects upon the viscoplastic behavior.
are mainly gliding in the matrix on octahedral slip systems, the

•The second term of eq. (6) represents dislocation hardening
through the isotropic state variable ρ s and cross hardening by means
of the interaction matrix [h]. For a given dislocation state, defined by
a set of ρ s on each slip system, the hardening consists of a steadystate contribution, given by Q, and a transient contribution, defined
by Q*. The material parameter Q depends on temperature only, while
Q* is a variable that depends on temperature and aging history (see
further on).

(

2 GB 		
3 W[ 001 ]

(6)

				

(7)

rs =
τ 0s + b Q + Q∗
•s

ρ=

n


 sign τ s − x s



s

m=

•
s

(1 − bρ )ν
s

)∑h
j

sj

ρj +

From a metallurgical point of view, eq. (6) can therefore be described
as the sum of, from left to right, the solid solution hardening brought
by the matrix ( ), the dislocation hardening and the structural hardening coming from the precipitates.
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The evolution of the kinematic hardening x S is classically defined on
each slip system by means of the variable α s (eq. (8)), which has a
non-linear evolution with respect to the plastic slip on system s,γ s
(eq. (17)).					
x s = Cα s
•s

=
α

			

( sign (τ

s

)

)

The precipitation evolution considered in the Polystar model are the
γ ' dissolution/precipitation mechanisms occurring during heating/
cooling stages in a temperature range inducing pronounced γ ' dissolution (T > 950°C for a majority of commercial alloys). Figure 3
illustrates what is happening for a single overheating close to the
γ ' -solvus of the alloy and figure 4 is an actual γ / γ ' microstructure
observation after an overheating.

(8)
•
s

(9)

− x s − dα s ν

As shown in figure 3, a fast γ ' dissolution occurs during a temperature jump in the γ ' dissolution domain, leading to a widening of the γ
matrix channels (i.e., an increase in ), i.e., to an easier viscoplastic
flow due to the decrease in the Orowan stress. Such a γ ' dissolution
mechanism is accompanied by a decrease in the dislocation density
at the γ / γ ' interfaces, as shown by TEM observations [1] and more
recently using in situ non-isothermal creep experiments followed by
X-Ray diffraction (XRD) under synchrotron radiation [29, 30]. Cooling
down to the nominal temperature entails the precipitation of hyperfine
(tertiary) γ ' particles in the γ channels, as well as an increase in
the dislocation density at the γ / γ ' interfaces (see the last column
in figure 3). It means that the γ ' precipitation during non-isothermal
loading is no longer monomodal, but, at least, bi-modal, with two
classes of γ ' precipitate, as shown in figure 4. The respective volume fractions of coarse and fine (tertiary) γ ' precipitates will be denoted as fl and fs in the rest of the paper. It is also worth mentioning
that all of the microstructure evolutions occurring during very high
temperature changes are highly dependent on the temperature levels,
heating/cooling rates and durations of the overheating. Indeed, the
microstructure of the material is left out of thermodynamical equilibrium if the temperature changes and the dwell times are respectively fast and short enough, hence leading to transient mechanical
responses of the alloy (the new primary creep shown in the second
column of figure 3 is a typical illustration of such a transient creep
behavior). The microstructure evolutions presented in figure 3 are all
taken into account in the Polystar model and their evolution laws are
now presented.

Microstructural evolutions considered
The main microstructure evolutions occurring during high temperature viscoplastic deformation of Ni-based single crystal superalloys
are the γ / γ ' morphological evolutions (i.e., homothetic coarsening,
directional coarsening – so-called γ ' -rafting [25-28]) and massive
dissolution/re-precipitation processes occurring during temperature
changes for a very high temperature domain (T ≥ 950°C). Figure 2
illustrates the γ / γ ' morphological evolutions occurring during a high
temperature/low stress creep test of a first generation Ni-based superalloy (MC2 alloy). The characterization of the γ / γ ' morphological
evolutions was performed by analyzing several interrupted creep tests
at high temperatures and low applied stresses. These analyzes were
devoted to identifying the evolution of W[ 001 ] as a function of time.
Based on these observations, two different evolutions in the γ channel
width W[ 001 ] were found, one mainly related to the γ ' volume fractions
of the different classes of γ ' particles [12] (described further on) and
one sensitive to the time-temperature-strain rate history [14, 15].
a)

c)

b)

2 µm

σ0

Figure 2 - γ ' rafting during ab)creep test at 1050°C/160 MPa of MC2 alloy:
γ / γ ' microstructure at the beginning of the experiment (a), after 4.7 h
(during primary creep stage) (b) and after 9.4 h (beginning of secondary
creep stage) (c). Note that the γ ' phase appears as dark areas
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Figure 3 - γ ' dissolution/precipitation mechanisms during a single overheating introduced after a given amount of creep deformation. The upper row is a
schematic illustration of the γ / γ ' microstructure and of the dislocation density evolutions. The middle row shows the evolution of the creep strain and the
last row shows the actual position (red star) in the thermal history.
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(

)

(

)

•
if f equ − fl ≤ 0 , f = − f s
s
•

if f equ − fl > 0 and T < 0 ,

Tertiary γ '

•
f equ − fl − f s  T   f s
fs =
−
−
 •   K s
αs
T 0   1
•

σ0

Dislocations imprints

Figure 4 - γ / γ ' microstructure obtained after a non-isothermal creep
test performed with the CMSX-4 Plus® Mod C single crystal superalloy.
The experiment was interrupted after an 1150°C overheating. Note ultrafine
(tertiary) γ ' precipitates in the γ channels. The γ ' phase appears as dark
areas.

An exponential type expression has been initially chosen to describe
the evolution of the volume fraction of large γ ' particles ( fl ) , as
observed in IN100 polycrystalline superalloy [31], or more recently
in MC2 alloy [19]. The same kind of evolution was chosen in recent
phase field simulations performed by Wang et al to analyze the effect
of the initial γ ' precipitate size on dissolution kinetics [32]. α l is
the time constant for the dissolution/coalescence process depending
on temperature. The temperature-dependent values of α l and f equ (the
γ ' -volume fraction at thermodynamical equilibrium) were measured
from microstructural investigations performed previously [2, 19, 33].
f equ − fl

m

 s
 		



(13)

m

•
•

 s
if f equ − fl > 0 and T ≥ 0 , f s = −  f s 
(14)
 Ks 
 2
Eq. (12) is a phenomenological representation of the dissolution of
hyperfine precipitates during a temperature increase and during isothermal dwells. Under continuous cooling conditions after an overheating, both nucleation and dissolution have to be considered. Their
respective contributions are taken into account by, respectively, the
first and second terms in eq. (13) and both processes are highly
dependent on the cooling rate. The last case occurs when the microstructure is out of equilibrium after an overheating (a population of
hyperfine particles already nucleated) and a new overheating is occurring. Under such circumstances, a very fast dissolution of tertiary
precipitates occurs (even faster than under the first case described
by eq. (12)), which is taken into account by equation (14). The time
constant α s is smaller than α 1 for the largest precipitates. In particular, the dissolution is quasi-instantaneous for temperatures over
1000 °C. Based on the γ ' volume fraction evolutions presented in
eqs. (11) to (14) and assuming that W[ 001 ] is only γ ' volume fraction dependent, the following phenomenological dependence on f1
and f s has been determined [12]: 					

(

•

(12)

αs

=
W[ 001 ]

)

a0

δ

(f

l

m1

)

− dtp f s 				

(15)

where a0 is the initial average edge length of the γ ' cubes (= 0.45
µm) and m1 ,dtp and δ are material parameters. This equation has
However, to obtain a better description of the dissolution/precipitation
been experimentally validated for both cuboidal and rafted γ ' morγ
'
kinetics of large
particles, a modification of eq. (10) has been
phologies [12]. A linear dependence of W[ 001 ] on f s has been introrecently proposed. In fact, an impact of the accumulated plastic deduced, since the fine precipitation filling the γ channels on cooling
formation on the dissolution kinetics was clearly demonstrated by Giis very effective in narrowing them (the γ channel width can be as
raud et al. for CMSX-4® alloy [21]. Equation 10 was then modified
small as 10 nm). It should be admitted at this point of the study
into eq. (11), with and ecfl being temperature-dependent material
that the dtp parameter has not yet been determined experimentally,
parameters:							
due to difficulties in the stereological characterization of these ultrafine particles. It is also pointed out that an experimental evolution
•

 ν    f equ − fl 
		
(11)
of W[ 001 ] on the γ ' volume fractions has been chosen rather than
fl = 1 − δ l × exp  −
 



α
e
physical models based on geometrical considerations [34, 35], since
l

 cfl   

our model should take into account rapid changes of volume fracA challenging issue was also to model the evolution of the fine γ '
tion under a wide range (from 0 to 0.7) and independently from the
precipitation occurring in the γ channels on cooling (see figure 4).
precipitate morphology (cuboidal or rafted). The authors also point
Indeed, it would have been easy to assume that fl + f s =
out that eq. (15) is not able to capture slow morphological evolutions
f equ , f s being the volume fraction of small precipitates. Nevertheless, this equaof the precipitates (i.e., γ ' directional coarsening) under isothermal
tion is only valid when the tertiary precipitation occurs (cooling after
conditions. Indeed, this "medium version" of the model is suitable to
a dissolution time). In fact, the small precipitates may not have the
the simulation of complex certification cycles of turboshaft engines
same chemical composition as the largest ones. It was even shown
for helicopters presented later in this paper. The durations of such
that the kinetics of dissolution or coalescence are different for large
thermomechanical histories (see, e.g., figure 10) are short enough
and small precipitates [33]. The following evolutions of the fine
to neglect the contribution of γ ' -rafting to the viscoplastic behavior
precipitate volume fractionare f s then defined, considering isotherof the alloy. A more refined version of the model published last year
mal conditions without overheating or during an overheating eq. (12),
takes into account such a time dependence of the γ ' morphology of
cooling after an overheating eq. (13) and re-heating after an overheatthe precipitates [15].
ing eq. (14):
fl =

αl

					

(10)
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The dislocation density evolutions occurring during temperature
changes have been modeled through a decomposition of the work
hardening (second term in eq. (6)): Q is a material parameter corresponding to the dislocation pinned at the γ / γ ' interfaces, which
cannot vanish during overheatings due to recovery processes (dislocation climb or γ ' cutting/annihilation process), while Q∗ is a variable describing the effect of microstructure changes on the dislocations density recovery. Q∗ depends on a state variable a* (eq. (16))
whose evolution range is [0,1]. QS 0 is then the maximum recoverable
dislocation hardening. The evolution of a* is presented in eq. (17):
the metallurgical steady-state (maximum recovery) is obtained for
a* = 0 . The first term of eq. (17) accounts for the recovery effects
upon temperature changes, while the second one represents the (re)
establishment of dislocation structures after a temperature peak.α *
and β * are the time constants for those processes with α* << β *.
Q∗ = a* QS 0 				
•∗

∗

•

∗

a T a
a =
− * • − *
α T β
0

a∗ (=
t 0=
) 1

(16)
		

(17)

The Q∗ term hence allows a partial recovery of the isotropic hardening, due to thermal changes. The evolution of QS 0 as a function of
temperature typically allows such recovery processes only at very
high temperatures (T > 1100°C).
Damage law
Past non-isothermal creep tests with one single overheating performed on MC2 alloy showed that increasing the overheating duration
led to increased creep life [1-3], while a stress-driven damage evolution would have predicted the opposite, since the applied stress remains almost constant. A plasticity driven damage evolution is hence
proposed. The damage evolution is formulated at a microscopic level,
on each slip system (eq. (18)). This damage evolution has been given
a Rabotnov – Kachanov formulation [36]. Nevertheless, instead of
using the applied stress, a kinematic variable xds is chosen as the
critical variable. The use of xds instead of τ s is motivated by the fact
that a high frequency fatigue loading must not generate creep damage. This is naturally verified if xds is the critical variable, since the
plastic strain amplitude remains negligible and so does xds . After a
nucleation period defined by a threshold vd (the accumulated viscoplastic strain must reach a given value v > vd before damage starts),
the damage rate is defined as a power function of

xds

(1 − d )
s
c

, which

produces a catastrophic softening and tertiary creep on a macroscopic level (eq. (18)).
m

 x
•s
xds
ν
>
ν


if
(18)
d , dc =
 K x 1 − d cs 



(

)

This evolution is somehow identical to previous models, where multiplication of mobile dislocations is a softening mechanism [37-39].
Pore growth is also a source of damage in this kind of alloys, but
this is a relevant damage mechanism only in the last stage of life for
which very steep tertiary creep occurs for creep strains greater than
5 % [40]. This would create a viscoplastic volume change that is not
taken into account in our model.

Based on the experimental observations, the macroscopic creep
strain threshold vd beyond which the damage evolution is activated is typically between 0.5 and 1.5%, depending on the alloys and
temperature. As for the viscoplastic behavior (eqs. (8) and (9)), the
evolution of xds is classically defined on each slip system by means
of the variables xds (eq. (19)), which have a non-linear evolution with
respect to the plastic slip on system , γ s (eq. (20)).
xds = Cd α ds 					
(19)
							
•s

=
αd

( sign (τ

s

)

)

•

− xds − d d α ds ν s − M α ds

ms

(20)

ms

A static recovery term − M α ds has been added in eq. (20) to allow
better predictions of progressive tertiary creep stages. The evolution
of this backstress is different for the one presented in eqs. (8) and
(9), since the damage kinetics under both isothermal and complex
thermal cycling conditions cannot be reproduced using x s . Such a
phenomenological formulation has indeed been shown to take into
account in a reasonable way the effect of the thermal cycling frequency on the non-isothermal creep life (not shown here). A further
improved version of the damage evolution has been recently used by
Ghighi et al to account for long tertiary creep stages at low temperatures/medium to high applied stresses [13].

Identification of the model
Three different versions of the Polystar model exist, with different degrees of refinement. The version of the model presented in this paper,
which can be qualified as the “medium version”, has been identified
for two alloys (MC2 and CMSX-4®) in the 750 °C-1300 °C temperature range, while only the microstructural part was identified for AM1
alloy. This version of the model only considers γ ' volume fraction
evolutions and recovery processes during complex thermomechanical histories. The most refined version of the model, which takes
into account morphological evolutions of the precipitates (such as
γ ' rafting) in addition to the microstructure evolutions already taken
into account in the medium version of the model, was identified only
for MC2 alloy in the 950 °C – 1200 °C temperature range. The less
refined version of the model is almost identical to the medium version
of the model, without considering kinematic hardening (eqs. (8) and
(9)) and static recovery in the damage evolution. It also neglects the
coupling between the accumulated creep strain and the dissolution
kinetics of the γ ' phase (i.e., eq. (10) is used instead of eq. (11)). It
is hence only useful for the modeling of the uniaxial creep behavior
without a better numerical efficiency. The simplest version requires
28 material parameters (9 of these directly given by microstructure
characterizations) to be identified per temperature [12], the medium
one (the one presented here) requires 36 parameters per temperature
(11 of these given by microstructure analyzes) while the most complex one requires 45 parameters to be identified (17 of these given by
microstructure analyzes) [15]. Among all of these parameters, those
characterizing the microstructure evolutions can be determined separately through microstructure investigations and specific XRD experiments detailed hereafter.
In the rest of the paper, all of the simulations presented in the figures result from the use of the medium version of the model, except
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in figure 14 where the most refined version of the model has been
used. It has been chosen not to detail this refined version in this article, since this most refined model has been identified in a narrower
temperature domain (and it is not applicable to large temperature variations like the ones presented in figures. 11 and 15. The interested
reader is referred to le Graverend et al for further details [15].

overheatings, the heating/cooling rates and the positions of temperature changes in the creep life of the alloy (i.e., the amount of creep
deformation), all of the material constants presented in eqs. (11) to
(14) can be identified using at the most two to three experiments.

Microstructure evolutions

The material parameters governing the mechanical behavior and the
damage evolution have been identified on a large database composed
of both isothermal experiments (tensile, low cycle fatigue and creep
tests) and non-isothermal creep tests mainly performed on [001] oriented samples. An optimization process using the optimizer module
Z-opt of the ZéBuLoN software suite [45] was performed to identify
the flow rule parameters ( n,K ), as well as τ 0S ,b;C,d and ( Q + QS 0 ).
These parameters were identified from a set of tension tests at high
temperatures with different strain rates (typically, 1.10-3 s-1, 1.10-4 s-1,
1.10-5 s-1), LCF tests with various strain amplitudes (two to three
tests) and at least four isothermal creep experiments per temperature.
Subsequently, non-isothermal creep experiments with various single
overheating lengths and positions in the isothermal creep life under
a high temperature/low stress condition were carried out to identify
a*,α*,b*,and β * . The experiments used for the identifications were
chosen so that the temperature jumps were always performed once a
rafted microstructure had been generated before the overheating. The
damage evolution parameters (K X ,Cd ,Dd ,M,mx ,ms ) were manually identified from both isothermal and non-isothermal creep tests
using the same procedure.

The identification of the dissolution/precipitation kinetics of the γ '
phase is typically performed using heat treatments and subsequent
image analysis techniques [41]. This procedure has been used several times for MC2 and CMSX-4® alloys in the past [12, 19, 42].
figure 5 illustrates such a direct identification of eq. (11) using several
short thermal treatments at 1250°C after different amplitudes of creep
deformation (in the 0% - 0.5% range) introduced at high temperature
(1050°C in the case presented in figure 5). The γ ' volume fraction at
equilibrium (at 1250 °C here) can be directly determined by using the
horizontal asymptote, while the other parameters of eq. (11) ( ecfl , δ 1
and α 1 ) are determined through an inverse method.
75
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Figure 5. γ ' volume fraction evolution in CMSX-4® as a function of the dwell
time at 1250 °C without and with a prior creep deformation at 1050°C of 24
hours and 100 hours [42].

Despite the robustness of this method, it has to be reproduced for
various temperatures of interest in the γ ' dissolution domain (typically above 950 °C, by 50 °C steps) and this method is hence very
time consuming. In addition, the fundamental assumption of such a
method is that the microstructure evolutions, likely to occur during
heating and cooling from/to room temperature, do not affect the microstructure obtained at the end of the heat treatment before final
cooling. More recently, a new method has been proposed in close
collaboration with Institut Jean Lamour / Ecole des Mines de Nancy
to calibrate the equations accounting for the γ ' volume fraction evolutions. It consists in a quasi-continuous monitoring of the actual γ '
volume fraction during a non-isothermal creep test, using XRD characterizations under a synchrotron beam [43]. With such a method,
uncertainties in microstructure characterizations due to heating/cooling to room temperature are suppressed. This method has been used
for AM1 and CMSX-4® alloys and it is illustrated in figure 6 for AM1
alloy [29, 30, 44]. A very good modeling of the experimental evolution
of the large γ ' volume fraction (fl ) using the Polystar model is observed in figure 6. Hence, by varying the temperatures reached during

Mechanical behavior and damage law

Figure 7 illustrates the model predictions of the non-isothermal creep
behavior and durability of the first generation Ni-based single crystal
superalloy MC2. Various overheatings close to the γ ' solvus of the
alloy (overheatings at 1200°C in figure 7) were introduced somewhere
in the creep life of the alloy at 1050°C/140 MPa using the burner rig
Thalie developed at Institut Pprime [5]. Very good performances of
the model are observed, both in terms of elongation and creep life.
Indeed, as observed in figure 7, all of the creep stages are properly
taken into account, including the new primary creep stage after the
overheating and the change in creep strain rate after the overheating
resulting from the microstructure evolutions during the overheating.
0.70
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γ ' volume

Temperature (C°)
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Figure 6 - γ ' volume fraction evolution in AM1 alloy (blue dots) as a function
of time for a complex non-isothermal creep test [29]. The temperature history
appears in red and the model simulation is represented by the green continuous line. The applied stress maintained constant during this experiment.
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Figure 7 - Comparison between Polystar simulations (continuous curves)
and experimental creep elongations (dotted curves) during non-isothermal
creep experiments using MC2 alloy [1, 2]. These experiments included a
single overheating at 1200 °C of different durations (OT = Overheating
Time) ranging from 30 to 150 seconds, introduced somewhere in the creep
life at 1050 °C/140 MPa of the alloy. Note that the actual positions of the
overheating are included in the legend.

Complex thermomechanical history simulations
and industrial applications

specific conditions, the combustion could be doped with oxygen.
These hot gases are accelerated using a convergent located in the
exhaust section of the burner, hence allowing a sufficient gas velocity
in the testing section and a subsequently high heat exchange at the
sample surface to allow very fast heating and cooling rates. Samples
are also mechanically loaded (under monotonic or cyclic loading
paths) with an electromechanic testing machine or a creep frame
and they could be internally cooled by compressed air. Monitoring
and controlling all of these equipment parameters (gas and sample
temperatures, gas flow, cooling flow and temperatures, sample displacements, applied load of the sample, etc.) as well as managing
security are ensured using a central computer. Gas temperatures up
to 1650°C can be reached in the testing section, with hot gas velocities up to 400 m.s-1. Controlled heating/cooling rates as high as
150°C/s can be obtained within this equipment, which is essential
for the engine tests presented in this paper. The mechanical loading,
during the tests presented in this article, was applied with a creep
testing machine using dead weights. An illustration of the test bench
equipped with this creep testing machine is presented in figure 9.

Burner
Creep testing machine

Presentation of the MAATRE burner
The evaluation of the Polystar model performances has been performed using very complex thermomechanical histories characteristic of those encountered by the high pressure turbine blades of
turboshaft engines in helicopters during certification procedures.
As has already been mentioned in the introduction, such procedures
consist of a mixture of different engine regimes, including repeated
over-temperature events. The use of classical laboratory test benches
has already been shown to be excessively conservative (i.e., too low
creep lives, too high amount of creep elongation during overheatings)
to be representative of the in-service mechanical behavior of Ni-based
single crystal superalloys during these events, since heating/cooling
rates with a good temperature control are usually too slow [5]. Hence,
150h or ASMET engine tests have been reproduced using a very
unique burner rig (the MAATRE burner) developed at Institut Pprime.
A schematic illustration of its working principle is shown in figure 8.
As observed in figure 8, a burner based on the combustion of natural
gas with air supplies hot gases that are blown onto the sample lying
in the testing section. To reach higher temperatures for some very
Colling
systems

Natural
gas

Figure 9 - MAATRE test bench equipped with the creep testing machine

A specific metrology has been developed for measuring both the
displacement and temperature of the sample, in order to perform
accurate interpretations of the tests. During the subsequently presented tests, the temperature of the sample was measured with a
spot welded S type thermocouple. The diameter of this thermocouple
must be large enough to ensure a sufficient mechanical resistance to
the aerothermal drag generated by the hot gas flow and small enough
to avoid thermal perturbations from the thermocouple wire. A 0.35
mm in diameter thermocouple was used. The combustion in the
burner section was directly controlled with a closed loop using this
temperature measurement. During experiments, elastic, thermal and
creep strain were measured using a videoextensometry technique.
Strain measurements are performed using markers deposited in the
central part of the gage length of the samples, where the temperature
is spatially homogeneous (with a +/-3°C accuracy). The interested
reader is referred to two previous papers from the authors for further
details [4, 16].
Testing conditions

Sample

Fatigue testing
machine

Two kinds of engine tests were performed, namely a “150h” and
“ASMET” (Accelerated Simulated Mission Endurance Testing). These
tests comprise different stages. These stages can be divided into
“long term” temperature steps or successive temperature peaks. The
details of these testing conditions are presented in figure 10.

Figure 8 - Working principle of the MAATRE test bench

A tensile stress is applied to the specimen during the test. It is worth
mentioning here that overheatings around 1220 and 1240 °C are very
close to the γ ' -solvus (Tsolvus = 1265 °C) of the alloy used for this
study, namely, the first generation MC2 alloy [12, 19].

O2

Burner
Air
booster

Metrology

Smokes
Cooling

Recording/ Command/ Security

Evacuation
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Figure 10 - Testing conditions for the 150h test (a) and the ASMET test (b)

Experimental results and performances of the Polystar model
The evolutions of the viscoplastic strain and measured temperature as
a function of time are given in figure 11 for both the ASMET and 150h
tests. Under such conditions of strain measurements for a sample
loaded under the impact of a gas flow, the creep strain measurement
can be considered to be very satisfying. It must be pointed out that
the absence of strain measurements between 75 and 100h for the
ASMET test (figure 11b) is due to a computer data overflow. According to figure 11, a progressive decrease in the creep rate during the
two first stages of the 150h test is observed (figure 11a), and, as
expected, a steep increase in the creep rate during the last stage containing the overheatings. Indeed, each temperature peak involves a
fast creep strain jump. This fast increase in the strain rate has also
been observed in [4]. The ASMET test is less damaging than the 150h
one, based on a creep strain criteria (figure 11b). In addition, the creep
strain increase during the overheatings is less pronounced compared
to that observed during the overheatings of the 150h test. This is consistent with the fact that the overheatings performed during the 150h
test are closer to the γ ' -solvus of MC2 alloy (see figure 10).
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The Polystar performances have been evaluated using these complex
experiments performed under combustion environment. The simulations have been performed considering a homogeneous spatial distribution of the temperature at each time. Using such an assumption,
a simulation at one Gaussian point can be directly compared to the
experimental result. A rather good agreement between the experimental result and the simulation can be observed in figure 12. In addition, it is observed that the model predicts in a reasonable way the
creep strain jumps entailed by the overtemperatures. This is more
clearly observed in figure 13, where it is observed that the calculated
jumps’ amplitude is increasing while, experimentally, the amplitude
of the creep strain jumps remains almost constant. This difference
results from a non-negligible damage increase in the model while,
according to microstructural observations performed elsewhere, only
limited evidences of creep damage in the form of deformation pores
and submicron crack initiation at casting pores were observed [4].
According to the simulation, the material should have failed a few
minutes before the end of the test.
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Figure 11 - Evolution of plastic strain (red curves) and sample temperature (blue curves) as a function of time for the 150h (a) and ASMET (b) tests.
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complex tests representative of in-service thermomechanical conditions. The model seems to be very accurate in the lowest temperature
range of testing, but it can overestimate the creep strains in the highest ones (T > 1200 °C). This may come from a poorer precision in
the model calibration at very high temperature levels. Nevertheless,
this model with its additional internal variable is the only one able
to capture complex microstructural phenomena, such as dissolution/
precipitation of strengthening particles, dislocation recovery processes and their impact on the mechanical behavior. Under very intricate
conditions, such as those presented in this article, this model performs better than any other model where the temperature dependence
is only taken into account through the temperature dependence of the
material coefficients.
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Figure 13 - Comparison between the experimental and simulated creep
strain evolutions for the 150h engine-like test during the last stage.

Evaluation of the model under complex mechanical field
and industrial applications

As a further evaluation of the model performances, a complex nonisothermal experiment using a bi-notched specimen has been used
and compared to a 3D finite element simulation using the Polystar model as a constitutive material behavior. The sample geometry can be observed in figure 14. This experiment under constant

The two simulations presented in the previous section showed the
Polystar capabilities for estimating the plastic strain monitored during
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load consists of 24h at 1050 °C, followed by a short temperature
spike of 20 seconds at 1200 °C and 30 additional minutes at 1050
°C after the overheating. After testing, microstructure observations
were done and volume fraction measurements of secondary (fl ) and
tertiary ( fl ) γ ' precipitates were performed. Further details about
this experiment can be found in [15].
As expected, a greater creep strain at the end of the test is predicted
between the two notches (figure 14a). Such a difference in local creep
strain greatly affects the evolutions of secondary and tertiary γ ' particles. This effect is properly considered by the model (figures. 14a
and 14b respectively for fl and fs) through eqs. 11 and 12 to 14.
Comparing γ ' volume fraction measurements with the simulation
along the path defined in figure 14a, a good agreement is observed
(figures. 14e and 14f), despite huge difficulties in the experimental
characterization of the tertiary γ ' evolutions (dissolution/precipitation) [12]. A comparison between the longitudinal creep displacement
(along the vertical in figure 14a) monitored during the experiment and
the computed one has also been performed. A quite pronounced difference is observed in figure 14d, both during the isothermal part
before the overheating and during the overheating itself. Indeed, an
overestimation of the creep elongation by the model is observed before the overheating and an underestimation of the creep accumulation is observed during the overheating. Such differences were partly
attributed to crystal lattice rotations, where the multi-axial state of
stresses are the largest [15].
After such laboratory evaluations/validations of the model under complex thermomechanical histories using smooth specimens or notched
ones (technological samples), the model has been introduced in the
SAFRAN – Turbomeca Methods Department. The model performances are presently evaluated at Turbomeca using 1D beam-like calculations, each slice of the beam being assigned the spatial average
stress and temperature histories of one section of an HP blade profile.
Moreover, 3D finite element simulations using Z-Ansys as software
and the Polystar model have been performed. A complex thermomechanical history (presented at the bottom of figure 15) representative
of a certification test has been chosen as an input loading. Figure
15 shows the evolution of the von Mises stress, of the accumulated
creep strain (ν ) and of the secondary γ ' volume fraction (fl) distributions in an HP blade profile after one, five and ten missions. It
is observed in this figure that the hottest areas close to the leading
edge, where the γ ' volume fraction turns to blue, do not correspond
necessarily to the most severely creep-deformed areas. In addition,
it is observed that even if the von Mises stress distribution hardly
evolves, a creep strain accumulation is observed and an even lower
γ ' volume fraction at the leading edge is obtained thus increasing the
mission number, due to a higher creep strain, which accelerates the
γ ' dissolution (see eq. 11). Such calculations are presently used to
predict the elongation and the durability of HP blades during complex
certification engine tests. It is especially useful to evaluate the safety
margins that can be used during the certification of new turboshaft
engines for helicopters. According to Turbomeca practices, this model may also reduce the design durations/costs with a closer-to-reality
prediction of the creep behavior (in terms of elongation and durability)
of an HP blade made of Ni-based single crystal superalloys.

Limitations of the model, on-going activities and additional potential use
According to various previous studies, several limitations listed hereafter were already observed in the model:
• A poor description of the cyclic ratcheting was observed by le
Graverend [46] under uniaxial high temperature dwell-fatigue conditions. No solution has been found up to now and one possible solution would be the introduction of a second kinematic hardening term
in the yield function in the octahedral slip systems.
• The model was observed to provide poor predictions of the
elongation/shear strain under isothermal and non-isothermal multiaxial loadings (e.g., tension-torsion tests using single crystalline
tubes, tension tests on notched samples) [46]. This was especially
observed when large shear stresses were introduced. Figure 14d is
a good illustration of this. Some on-going investigations by A. Mattiello in the context of a collaboration between LMT Cachan, SAFRAN
– Turbomeca and Institut Pprime are devoted to the formulation of
the model in a large strain context, to account for the crystal lattice
rotations observed under such conditions [47]. In addition, a better identification of the interaction matrix between slip systems and
the introduction of cube slips will further be evaluated. Taking into
account lattice rotations should also allow a better modeling of the
tertiary creep stages when considering the tensile creep acceleration
for misoriented samples [12, 13].
• Even if the model was initially devoted to the modeling of very
high temperature (T > 1000 °C) non-isothermal creep conditions,
low temperature creep under a large applied stress condition remains
a critical issue for cooled components, especially in the web sections
[48, 49]. Under such conditions, the <112>{111} slip activity has
to be considered for various alloys, since it can contribute to large primary creep strains of up to 10 pcts [49]. The associated question is
how the identification of the materials parameters characterizing such
a slip activity on <112>{111} systems must be done, since the slip
activity on these systems results from a classical <110>{111} slip
activity (i.e., both slip systems are co-existent) and is highly dependent on the crystal orientation and applied stress. This work is presently in progress for the case of CMSX-4® alloy [47].
• Finally, due to the large number of internal variables introduced
in the model, computation times are rather long, especially for industrial perspectives. A reduced model (i.e., suppressing some secondorder internal variables) or more efficient calculation schemes must
be made.
In regard to the potential additional uses of the model, it has
been shown in the previous sections that the Polystar model provides good evaluations of the microstructure evolutions, especially in terms of secondary γ ' precipitate volume fraction fl
(see for example figures 6 and 14). In addition to the computation
of the mechanical behavior and durability of Ni-based single crystal
superalloys used for the components of the hot sections of gas turbines, the microstructure module of the model can also be used as an
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expert assessment tool for the estimation of local metal temperature
histories. Indeed, knowing the T41 temperature evolution in an engine
(T41 being the gas temperature at the exhaust of the combustion
chamber), the resulting true metal temperature history can be computed by an inverse method, using a final microstructure inspection
of a component. This microstructure part of the model can even be
considered as a potential tool for validating thermal calculation methodologies used in design departments.

Concluding remarks
A microstructure sensitive model (the Polystar model) has been developed within the framework of crystal plasticity, in order to be predictive of the non-isothermal viscoplastic behavior of Ni-based single
crystal superalloys, especially when rapid microstructure evolutions
are likely to occur, such as γ ' strengthening phase dissolution, dislocation recovery processes, or hyperfine precipitation in the γ matrix. Such rapid microstructure evolutions are encountered during the
certification procedure of aeronautic gas turbines and they lead to
transient mechanical behaviors that cannot be reproduced with standard constitutive modeling approaches without any additional internal
variables. This model, mainly developed since 2007 at Institut Pprime
– ISAE-ENSMA (among other partners), is based on the introduction
of new internal variables, such as the γ ' volume fraction of coarse

γ ' volume fraction

Accumulated
creep strain

von Mises stress

Finally, since the model is sensitive to some initial microstructure
features, such as the γ ' size or the γ ' volume fraction at thermodynamical equilibrium, this model is also, by nature, sensitive to
some microstructural differences from the “standard state” likely to
result from the elaboration processes. As an example, an evaluation
of the impact of a small variation in the as-received γ ' content on
the mechanical response can be done easily with this model, as has
already been shown in the pioneering paper on this model [12]. A
more systematic study would be required to obtain a good estimation
of scatter bands around the average mechanical behavior resulting

from such small variations of the parameters representing the initial
microstructure. All of this work remains, however, to be done.

1 mission

T (°C)

5 missions

10 missions

Time

Figure 15 - Evolutions of the von Mises stress, of the accumulated creep strain (ν ) and of the γ ' volume fraction ( f l ) spatial distributions in an HP blade
profile, as a function of the number of certification missions. The mission used for the simulation is presented at the bottom of this figure and is typical of a
150h engine test. Color code: higher von Mises stresses, higher accumulated creep strain and lower γ ' volume fraction fl from blue to red.
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and small particles or a temperature dependent aging variable, to account for dislocation recovery. Various versions of the model have
been tailored with a more or less refined description of microstructure
evolutions.
It is shown in this paper that the model provides good predictions of
the non-isothermal viscoplastic behavior of Ni-based single crystal
superalloys under complex thermomechanical loading histories. It is
also shown that the identification and validation of this model can be
improved and eased by the use of very specific experiments, such
as in situ XRD creep experiments under a synchrotron beam to accurately evaluate microstructure evolutions, as well as by performing very unique experiments with fast heating and cooling rates up

to extreme temperatures. Such unique experiments are recreated at
Institut Pprime with the large scale facility MAATRE, a specific burner
rig fully developed internally to be able to achieve representative testing conditions of the hottest sections of gas turbines, with an excellent metrology.
After the validation of the Polystar model in a laboratory context, this
model has been implemented in the SAFRAN – Turbomeca lifing chain
for a deeper evaluation within an industrial context in the Methods
Department. Full-scale 3D calculations were successfully performed
and, despite all of its remaining deficiencies presented in this paper,
the Polystar model is the set of constitutive equations that provides
the best estimations of the HP blade elongation and durability during
engine certification procedures 
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his paper presents the calculation methods developed at ONERA to assess the
lifetime of aeroengine structures subjected to multiaxial thermo-mechanical
loadings. The complexity of the steps required in this process has grown over
the past years, in order to take advantage of extremely accurate observations
in materials and more precise experimental results. The research activities in
the field of fatigue are presented within a framework that covers microstructural
observations, mechanical testing, the development of constitutive equations and
fatigue damage models associated with numerical calculations. All of these steps
are today closely interrelated in the complex analysis of lifetime predictions. A
fundamental aspect is highlighted: the simultaneous consideration of multiaxial
and anisothermal loadings, which requires specific developments. These points
are detailed, illustrated by many examples of applications and positioned with
respect to research works in the literature.

Introduction
The lifetime prediction of complex structures, such as the high
temperature components of aircraft engines is a critical step in
the design process. Despite the number, the complexity and the
effectiveness of existing lifetime assessment models in the literature
(see the reviews of [32, 76, 66, 47 and 8]), none of them is far
from unanimous. Effectively, these models must be integrated into
a lifetime analysis workflow and require a consistency between the
determination of mechanical fields in the component and the use of
these fields in the fatigue model.
This workflow, schematically detailed in figure 1, is divided into several
sequential steps, as generally admitted for metallic materials. It starts with
the observation and the characterization of the material microstructure
at the finest scales (grains, dislocations, precipitates etc.).
This first stage, conducted in parallel with some mechanical characterization
tests, is essential to propose constitutive equations reproducing the observed
phenomena. This formalism can be described by a purely phenomenological
macroscopic approach [11] or by some multi-scale approaches [46], whose
complexity will depend on the local phenomena to be taken into account
regarding the effects of the microstructure and the dissipation mechanisms
observed at this local scale. The third step consists in computing the
component using the constitutive equations by the finite element method,
in order to determine all of the stabilized mechanical fields (stresses, strains
and internal variables) and then to predict the lifetime with the adequate
fatigue damage model. In our analysis, the lifetime is related to the number

of cycles before the detection of the macroscopic crack initiation with a
conventional experimental device. Once the crack initiates, further analysis
consists in following the crack propagation as a function of the applied loads
and the stress concentrations, using classical tools within the Linear Fracture
Mechanics framework [69, 26, 48], or more sophisticated ones taking into
account the generalized plasticity [17, 1, 25, 42, 54].

2- CONSTITUTIVE
EQUATIONS

3- STRUCTURE
ANALYSIS

• Multiscale modeling
• Physical modeling
• Tests/modeling coupling

1- MICROSTRUCTURE
CHARACTERIZATION

• EVP modeling
• Cycling plasticity
• Tests/modeling coupling

3- DAMAGE ANALYSIS
crack initiation criterion

Optimization?

Figure 1 – Lifetime analysis workflow used as an optimization loop
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In the near future, it will be possible to propose an optimization loop consisting
in finding the best microstructures in the component, in order to delay the
crack initiation and then improve the lifetime of the structure.

800

Generally, this dimensioning process for metallic structures involves at least
the steps 2 to 4 which are the most critical and require the consistency
cited above. The damage model must be adapted to the complexity of the
performed calculation (elasticity, with reduced models, viscoplasticity taking
into account strong non-linearities, only to mention growing complexities)
or, conversely, the constitutive equations must be consistent with the
fatigue damage model, depending on the availability of the models in the
computational codes and/or the degree of sophistication of the analysis.

400

In this paper, we focus our analysis on the more complex methods, based on
calculations taking into account the non-linear behaviors linked to the cyclic
hardening or softening of the material, the relaxation of the mean stress or
the ratcheting, to name only the phenomena that are commonly observed.
These computations of the material behavior are therefore associated with
the fatigue damage models able to integrate all of this available information.
Two fundamental issues are addressed: the loading multiaxiality and the
temperature effects. However, this modeling step cannot be achieved
without the development and validation of experimental tests. Again, the
complexity of the test increases with the phenomena that we want to
highlight, starting with "conventional" isothermal tests and achieving complex
multiaxial anisothermal fatigue tests. The goal is to get closer to the operating
conditions of the component, reproducing the temperature maps and the
mechanical loads with regard to the geometrical stress concentrations in
the best way possible.
The paper is divided into four sections. The first one is devoted to the
presentation of constitutive equations developed at ONERA to model the
non-linear behavior in cyclic elasto-viscoplasticity of metallic superalloys
used in the hot parts of engine aircrafts. The second section presents an
extensive literature review on fatigue damage models with respect to the
position of our models. In the third section, particular emphasis is placed
on the description of multiaxiality and mean stress effects, together with
the development of sophisticated experimental tests. The last section of
this paper presents some applications of this workflow analysis performed
on increasingly complex structures, ranging from classical characterization
tests up to real operating ones.

Cyclic inelastic analysis
The development of constitutive equations within the general
thermodynamics framework of the continuum media and specifically
in elasto-viscoplasticity is the core activity of the Metallic Materials and
Structures Department at ONERA. This modeling stage is fundamental
to properly reproduce the anisothermal viscoplastic cyclic behavior of
the material, which can be complex regarding the several phenomena
observed in service. For this purpose, thermo-mechanical tests have
been developed, together with the modeling approach, allowing to
observe and to characterize the dissipative mechanisms, in order
to identify the material parameters of the constitutive equations and,
finally, to validate these models on structural specimens representative
of aeroengine parts in terms of stress/strain fields.
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Figure 2 – Ti64, cyclic softening (up) and mean stress relaxation (down)

The observation of experimental results of the Ti64 superalloy cyclic
behavior in figure 2 shows a cyclic softening when the material is loaded
under constrained strain. Also, for a strain ratio (εmin/εmax) equal to 0 and
a strain amplitude lower than 1%, the mean stress does not relax to 0 as
presented in figure 2 (right). It is therefore essential that the constitutive
equations representative of the material behavior take into account these
phenomena, in order to correctly predict the stress and strain fields at the
stabilized state in the structural component, i.e., their levels and also their
amplitudes. For this purpose, the formalism adopted to correctly represent
the cyclic behavior of metallic materials is characterized by:
• A criterion for the flow rule based on the octahedral shear stress
invariant,
• Non-linear isotropic hardenings (to describe the cyclic softening or
hardening),
• Non-linear kinematic hardenings (to describe the Bauschinger effect),
or more complex relations, in order to reproduce the partial relaxation of
the mean stress for dissymmetric strain loading conditions, as observed
experimentally (see figure 2) [10].
• This characterization being performed for high temperatures, the
viscosity of the material is described by a Norton law, or more recently by
a hyperbolic sine law, in order to be able to simulate the behavior in a wider
range of strain rates, namely a saturation of the strain rate effects for high
plastic strain rates.
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These constitutive equations are the basis of the model for isotropic
materials. Based on the same formalism but performed at the scale
of the grain, a crystal plasticity model has been proposed by [56]
and recently improved at ONERA by the introduction of a recovery
term in the back stress, to allow a better description of the secondary
creep in metals. In this model, internal variables related to the isotropic
and kinematic hardenings are introduced on each crystallographic slip
plane. The model takes the anisotropic behavior of metallic materials
implicitly into account and it has been successfully applied to model
the non-linear behavior of a f.c.c. Ni-based single crystal superalloy.
In [5] authors investigated torsion tests of a single crystal superalloy
at 950°C. These tests were performed under torque control and
show the structural effect due to the crystal viscoplasticity (figure 3).
This peculiar case requires Finite Element calculations, due to the
appearance of zones with higher strains depending on the material
secondary direction and obviously to the complex redistribution of
stresses. This work highlighted the importance and the impact of
crystal anisotropy (octahedral and cubic slip systems) on mechanical
behavior.

This work has been recently improved by [33] and [39], who have
investigated the influence of the evolution of the microstructure on
the mechanical properties of this single crystal superalloy. When the
material is subjected to creep at high temperatures, its microstructure
evolves and precipitates lose their initially cuboidal shape to reach
a rafted pattern. This rafting process has a strong influence on the
macroscopic behavior. Some additional internal variables have been
introduced in the constitutive equations, in order to describe the
evolution of the shape of the precipitates as a function of the load
history and its impact on the material parameters. The result of this
analysis is shown in figure 4, which presents a comparison between
cyclic tests performed on both the reference material and the modified
microstructure. In this figure it is possible to see the influence of
the rafted microstructure on the overall behavior, inducing a softer
macroscopic response that is qualitatively well represented by the
proposed model. Work is in progress to improve the results of the
modeling.
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Figure 4 – Tension tests and simulations at two different strain rates, taking
into account ageing effects
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Figure 3 – Torsional fatigue at 950°C of a single crystal superalloy

A similar approach has been proposed for a polycrystalline Nickel
based superalloy, N18, [4]. A precipitation model [68] was improved
to predict the evolution of the size and the volume fraction of γ’
secondary and tertiary precipitates as a function of the thermal
history. The influence of the precipitate distribution on the mechanical
response of the material is then introduced in the plastic threshold of the
viscoplastic model. More specifically, Boittin [4] used, to account for
the precipitate distribution, relations based on approaches considering
the resolved shear stress necessary to move a dislocation through
a glide plane containing precipitates as Orowan: for dislocations
bypassing the precipitates, or Hüther and Reppich [41]: for strongly
coupled dislocations shearing the precipitates or Brown and Ham
[6]: for weakly coupled dislocations shearing the precipitates. The
proposed model provided a good description of the cyclic behavior
of several different γ' particle distributions obtained through various
cooling paths and/or aging treatments in coarse grain size superalloy
N18, as shown in figure 5.
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On the other hand, experimental observations have shown that Nickel-based
or Cobalt-based superalloys could present very complex viscoplastic
behavior, depending on the applied temperature and related to the dynamic
strain aging phenomena [12]. In an intermediate temperature range (from
300°C to 800°C), a very important hardening process that depends on
the applied plastic strain can be observed in the material. Other crucial
phenomena are the inverse strain rate dependency and serrations occurring
in the strain-stress curve induced by the propagation in the material of
strain rate localization bands. Other effects can also be observed, like
static recovery of kinematic hardening, even at temperatures around
600°C. The classical macroscopic formalism presented before has
been enriched to account for these phenomena and to allow an accurate
description of the observed experimental behavior.
Figure 6 summarizes the possibilities of the viscoplastic constitutive
equations, including cycling hardening and dynamic strain aging, to
accurately estimate the material behavior under complex thermo-mechanical
cyclic loads. As can be observed, the model prediction (solid black line)
is very close to the experimental data (red points).

Another important step of this analysis (as proposed previously) is the
validation of the model under anisothermal conditions. Once the model
parameters are identified from a set of isothermal characterization
tests, it is validated on cyclic thermo-mechanical tension/compression
tests with in-phase or out-of-phase load paths interacting time/strain
/temperature, as presented in figure 7 for the load path and figure 8
for the comparison between experimental results and the model,
in the case of the AM1 single crystal superalloy. A more complex
validation case concerns tension/torsion Thermo-Mechanical Fatigue,
as represented in figure 9. It is worth noting that the main difficulty of
these TMF tests is the application of the mechanical strain obtained by
the control of the total strain during the thermal cycle. The structural
effect in torsion requested to develop a specific algorithm to control
the imposed displacement of the crosshead using Finite Elements
simulations. This numerical scheme is based on a perturbation
method, in order to impose the proper displacement to obtain locally
the desired strain measured by the extensometer.
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Figure 7 – Thermo-mechanical applied load on cylindrical specimens
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Finally, once the model has been identified and validated, it is used in
the finite element analysis of the structure, as presented in figure 10
(left), for the simulation of the cyclic behavior of a cruciform specimen,
on which it is possible to impose multiaxial (tension/tension) loads.

Figure 10 (right) presents the contours of the cumulative plastic strain
stress obtained for an equibiaxial tension finite element simulation and
the cyclic response on a point in the critical region (the center of the
specimen), showing that the stabilized cycle is reached after more
than 100 cycles. This important evolution of the stresses and strains
is a key point for the fatigue damage analysis.

Issue 9 - July 2015 - ONERA’s Multiaxial and Anisothermal Lifetime Assessment for Engine Components

AL09-08

5

Multiaxial and anisothermal fatigue modeling
Critical aeroengine components, such as cooled turbine blades,
turbine and compressor discs or combustion chambers, are submitted
to complex thermo- mechanical loadings that can induce multiaxial
stress states. The interaction between low cycle fatigue and high
cycle fatigue, combined with high biaxialities and mean stresses, is
one of the main topics of concern in fatigue. The exposure to high
temperatures will additionally induce various mechanisms, such
as creep and oxidation. For turbine discs, the microstructure of the
constitutive material and the equibiaxial state play a significant role,
while for turbine blades, high service temperatures involve a more
important influence of creep and oxidation interacting with geometrical
singularity effects induced by the cooling channels.
Also, it is important to specify that, despite the variety of the
approaches, the fatigue damage remains closely linked to the effects of
the material microstructure in connection with the applied mechanical
load, for instance, the multiaxial state and the level of an equivalent
mean stress. This is a major difficulty for correctly modeling the
fatigue behavior taking into account this multiaxiality, the influence of
time and temperature dependent phenomena, and the mean stress
effects in a very complex geometry.
Multiaxial models
As has already been mentioned in the introduction, many multiaxial criteria
can be found in the literature. From Garud’s paper [32], a trend has
emerged to classify the models according to several categories:
The empirical models, mainly based on experimental observations, are
the oldest ones and began to be developed in the late nineteenth century
with the rise of railways. These multiaxial criteria, often based on bendingtorsion tests, offer endurance curves (ellipse quadrant). This category
includes the work of [37, 63, 64] and extensions of the Manson-Coffin
model for low cycle fatigue, taking into account the influence of plasticity.
The next category concerns criteria based on critical plane approaches,
which have received great attention in the literature. These criteria were
developed from experimental observations showing that, in fatigue, the
crack initiates in a critical crystallographic plane and then propagates
perpendicular to the direction of the maximum principal stress. The various
proposed formulae are different, but the process to follow is merely the
same. Firstly, one must find the critical plane and secondly check whether
the criterion is met on this plane. It is possible to classify these approaches
as stress-based, generally developed for HCF [29, 51, 52, 24, 53, 21, 14,
67, 9], strain-based, which are also valid in LCF ([7, 45] and its variants,
the criterion of [28]) and energy-based, discussed hereafter.
Energy-based approaches use the product of the stress and strain to
quantify the fatigue damage. Various energy parameters are available
and can be divided into three groups, depending on the strain energy
density per cycle chosen as a damage parameter: criteria based on elastic
strain energy density [65], valid for high cycle fatigue, criteria based on
plastic strain energy density, [59, 32] valid for low cycle fatigue and finally
criteria based on elastoplastic strain density energy [27, 70] with the aim
of covering both high and low cycle fatigue. The most recent works on
multiaxial fatigue proposed models based on critical plane approaches
using an energy damage parameter, such as the criterion of Liu [49, 50],
which describes the crack initiation in three modes, one in the normal
direction and two modes in the plane perpendicular to the normal direction
(see also [18, 34, 35]). One can also mention the well-known SWT model

[74], which uses the product of the maximum normal stress by the strain
amplitude in a chosen critical plane for multiaxial applications.
The last more popular category concerns equivalent effective stress or
strain models. Based on the invariants of the mechanical fields, such
models are essentially extensions of static yield criteria and often combine
the hydrostatic pressure to take into account the mean-stress effects
and the octahedral shear stress amplitude. This framework includes the
models proposed by Sines [73] and Crossland [19] (which generalizes
[38]). Chaudonneret [15, 16] proposed in 1993 a multiaxial extension
of the ONERA fatigue damage model [13], which has the particularity
of describing, in accordance with experimental observations, non-linear
damage accumulation for complex variable amplitude loadings. This model
was based on a compilation of many two-level fatigue test results and
has the capability of reproducing sequence effects and more complicated
loading sequences. In particular, it is able to take into account the damage
effects of loading cycles performed below the initial fatigue limit. A new
formulation is thus proposed to describe multiaxial loadings, providing a
better overall adjustment through a new material parameter that allows,
for specific values, to obtain Sines, Crossland or results close to the
Dang-Van criterion. Using [71], the influence of the hydrostatic pressure
was also introduced for the static fracture. In addition, to account for
non-proportional loadings, she introduced the concept of stress path and
defined a weighted octahedral shear amplitude.
Such a general formalism has served to develop life assessment tools
for high temperature applications by coupling the fatigue damage with
other damaging mechanisms, such as creep [72, 57, 70, 23] or oxidation
[62, 61, 2].
The ONERA creep-fatigue damage model has been applied with
success on several materials in various applications (gas turbine blade
polycrystalline superalloys, turbine disc materials and waspaloy during
the initial design of some components of the Vulcain engine of Ariane V).
For complex thermo-mechanical loadings, a multiaxial extension based
on the multisurface plasticity theory [60] of the commonly uniaxial
rainflow technique has been proposed, together with a calculation of
an equivalent temperature, as proposed by Taira [75] over the thermomechanical cycle using a simplified incremental model. However, for high
temperature applications, as for turbine blade applications, Gallerneau
[31] shows insufficiencies of the creep-fatigue damage model, namely
due to oxidation effects. A new formulation is then proposed, based on
the separation between microinitiation and micropropagation stages and
incorporating environment enhanced damage effects into the framework
of a creep-fatigue-oxidation model. He also proposed an extension of
the Hayhurst criterion [40] to describe multiaxial creep loadings, in
order to account for the anisotropy in creep resistance of single crystal
superalloys.
Despite several other formulations having been proposed in the literature
to describe the interaction between fatigue, creep and eventually oxidation
damages, few authors [43, 55, 57, 2, 70, 77, 20, 3] address the case of
anisothermal multiaxial loadings.
Figure 11 shows the ability of Gallerneau’s model to correctly predict
lifetimes for different anisothermal conditions. The material considered
is again AM1 single crystal superalloy. The critical cycling mentioned in
this figure is relative to the anisothermal load path presented in figure 7,
while other cycling is more relative to proportional loadings. Another
feature is the accurate description of torsional loading under isothermal
and anisothermal conditions, taking into account crystal plasticity and
isotropic damage.
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A new multiaxial criterion

Lifetime analysis of critical components

The majority of the aforementioned models often failed to accurately
predict the lifetime for complex loads involving an important
contribution of the mean stress and multiaxiality. Recently Bonnand
[5] proposed a new multiaxial formulation for low temperature fatigue
that can correctly reproduce experimental results obtained in tests
involving both high multiaxiality and significant mean stress effects.
This model has been formulated with the objective of accurately
estimating the shear and equibiaxial conditions. The effective stress
is written as

In order to validate or disprove the existing models and to propose
a new formalism, a wide experimental campaign was conducted on
aeronautical superalloys, such as Ti64 and INCO718 for discs or the
AM1superalloy developed for turbine blades, on a set of test specimens
ranging from a classical geometry used for characterization, up to
technological specimens approximating real geometries.

(

=
σ aeff σ aeq 1 + b σ D0 teq

)

(1)

with the following expression for the triaxiality factor:
teq ξ
=

sF t F
+ (1 − ξ ) ( sF − 1)
1 + tF

where t F =

(Trσ )mean

(2)

σ p max − σ a

sF − 1 =

eq

σa

, σ aeq is the

octahedral shear stress amplitude, (Trσ )mean

is the mean value

σa

and

eq

eq

of the first stress invariant during the cycle and finally σ p max is the
maximum stress Eigen. The term σ D 0 represents the fatigue limit for
a reversed cycle at 107 cycles and b is a material parameter that will
be identified from uniaxial tests with mean stress effects. Finally ξ
is a material parameter. This new model gives results similar to the
Sines one when t F tends towards zero and similar to a model with

teq = sF for high values of tF .
This new formalism has been compared with models in the literature
([73, 19, 36] for instance) and give very accurate results, as presented
in figure 11 (from [5]), which can be seen as a multiaxial extension of
Haigh’s diagram.

The laboratory of complex tests at ONERA has several experimental
devices dedicated to multiaxial and anisothermal fatigue tests. Each
device has its own specificity to enrich the experimental database,
especially in poorly explored areas (loads, geometries,, etc.). It is
possible to perform uniaxial characterization tests, as well as biaxial
tests under tension/torsion or tension/internal pressure on tubular
specimens, with in-phase or out-of-phase temperature evolutions and
biaxial tests (tension/tension) on cruciform specimens for various
applied loads ratios. For all of these tests, the temperature is imposed
by induction, which, regarding its compactness, enables mechanical
and optical measurements to be performed to instrument the test as
well as possible.
To illustrate these developments and the complexity of experimental
tests and modeling performed within this framework, the developments
around the fatigue analysis of the single crystal superalloy AM1 are
presented hereafter. This application example is part of recent PhD
work [22].
The purpose of the study was to investigate the lifetime of single crystal
high pressure turbine blades. The geometry of these blades is very
complex, with areas involving cooling channels inducing significant
mechanical and thermal gradients, which are essential to evaluate.
For this purpose, two geometries were tested: the smooth cylindrical
specimen heated outside and cooled inside by forced air circulation
and the same cylindrical specimen but with a network of cooling holes.
These specimens are loaded with the real thermal gradients observed
in operating blades. The geometry of the perforated specimen is
shown in figure 13 (the perforated area is magnified), together with
the high temperature experimental device (from [46]).

Figure 13 – Perforated tubular specimen (left) and the high temperature tension/torsion/internal pressure experimental device (right)
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Figure 14 – Thermal/Solid/Fluid coupled calculation: smooth specimen (left) and perforated specimen (right). Temperature contours and the convective heat
transfer coefficient h governed by the fluid velocity

This progressive approach validated the experimental device and
the associated measures developed to properly assess the thermomechanical fields (temperature gradient and strain gradient). In addition,
an analysis of such complexity cannot be derived only from experimental
results, it is also necessary to perform a numerical analysis in order to
adequately catch fields that are not measurable, such as the temperature
inside the cooling channels. For this purpose, fully coupled calculations
in Thermal/Solid/Fluid mechanics (Zset and Cedre codes from ONERA)
have been carried out on these complex geometries. The thermal gradient
over the specimen wall was estimated at 68°C for a 1mm thickness.
Complex thermo-mechanical cycles were applied to simulate a real engine
mission, as presented in figure 14. Heating and cooling rates were up
to 50°C/s with a good reproducibility and stability over lots of cycles.
In this configuration, copper coils make it possible to avoid the use of
classical extensometers with fixed gage length. This is the reason why
Digital Image Correlation (DIC) was extended to the high temperature
range by treating the loss of optical contrast due to Planck’s law. This
image methodology allows “strains” to be measured by means of a virtual
extensometer, which is used together with finite element calculations.
Under these conditions, the proposed strain must be considered as a
relative displacement integrating the temperature inhomogeneity into the
gage length. The fatigue life prediction is performed as a post calculation,
using the fatigue-creep interaction damage model presented previously.
Another main difficulty arising during the fatigue damage analysis of
a structure or a specimen containing holes is linked to the gradient

500
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150

Time (s)

The comparison between experimental results and life prediction is
quite satisfactory. The slight over-estimation observed on smooth
specimens was shown by DIC to result from the ratcheting effect
not precisely described during the hold time. It is important to notice
that this agreement has only been possible by taking into account in
the modeling the true thermal gradient in the thickness of the tubular
specimen and around the holes, the stress gradient and the size effect
close to the holes, the multiaxiality and the mean stress effects in the
specimen.
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Figure 14 is an illustration of this application on the tubular specimen
using the anisothermal fatigue damage model proposed by [31]. Two
sets of tests and their simulations are presented: isothermal fatigue
(TF) (with a steady state temperature gradient) and thermo-mechanical
fatigue (TMF) performed on smooth specimens and perforated ones
subjected to relatively complex cyclic loads.

Stress

900
850
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Central température °C
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effect. It has been well established that the crack will initiate faster
for low stress concentration gradients than for higher ones for the
same maximum local stress. This is related to the volume of matter
affected by the gradient and the potential defects present in this
volume. A specific procedure has been developed [46] in order to take
into account this fact, consisting in proposing a non-local damage
approach, averaging the damage parameter, or the variables that
govern the damage, over a spherical volume. The radius of this sphere
is a new parameter of the model.
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Figure 15 – Lifetime predictions for complex geometries combined with complex cyclic loads
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Conclusion and perspectives
The purpose of this paper was to make an assessment of the fatigue
damage modeling taking into account the effects induced by the
temperature and multiaxial loadings. It showed the strong influence
induced by a non-zero mean stress on the lifetimes observed in
experimental results obtained on standard specimens, as well as on
technological ones representative of real structures. The main findings
can be summarized as follows:
It is necessary to develop consistent approaches in the lifetime
analysis workflow, which includes the three main stages from the
material experimental characterization (microstructure, behavior,
fatigue,, etc.) and the development of constitutive equations, up to the
fatigue damage model.
While it is possible, for the modeling of the constitutive equations,
to define a general framework based on a given approach that will
be enhanced according to the phenomena taken into account and
the degree of sophistication that we want to introduce, this kind of
framework does not exist for fatigue damage modeling and requires
the approach to be adapted according to the observed experimental

results. For example, for a given material, a strain invariant based
approach will be sufficient, whereas for another material (or for the
same one under different conditions), an energy-based or criticalplan approach will be more appropriate. This is induced particularly
by the physical phenomena involved in the analysis, which are not
only numerous but also very distinct and directly linked to the material
microstructure, its defects and the stress/strain states. It is therefore
necessary to distinguish the modeling of the microstructure for the
constitutive equations from the modeling of the microstructure for the
fatigue damage models, since the physical phenomena do not develop
necessarily at the same scales.
In the case of severe thermo-mechanical loads, as in the example
of the cooled blade, it is necessary to reproduce the applied loads
as precisely as possible from the experimental point of view, as well
as from the numerical point of view. In the latter case, multi-physics
coupled approaches must be developed to approximate the real inservice conditions and to be able to expect predictive results to be
produced.
These points define the main research topics that we will follow over
the next decade n
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A

lloy 718 is the most widely used superalloy in industry due to its excellent mechanical properties, as well as its oxidation and corrosion resistance over a wide range
of temperatures and solicitation modes. Nevertheless, it is a well-known fact that this
alloy is sensitive to oxidation assisted intergranular cracking under loading in the temperature range encountered in service. The mechanisms resulting in such degradation
are not well-understood, but it has been well established that a relation exists between
a change in fracture mode and the apparition of plastic instability phenomena over a
wide range of temperatures. Quantification and characterization of the damaging process provide important information leading to a better understanding of the degradation
mechanisms involved in the oxidation assisted intergranular cracking of this alloy.
These observations allow various domains to be defined in the strain rate - temperature
plane, where the damaging process characteristics are different: a high strain rate / low
temperature domain in which instabilities occur and where the fracture mode is systematically transgranular ductile, an intermediary domain where numerous intergranular
crack initiations can be observed, and a slow strain rate / high temperature domain
where crack propagation is enhanced. These results lead to the proposal of consistent
scenarii to explain grain boundary opening due to applied intergranular normal stress
and critical decohesion stress changes.

Introduction
A large number of studies dealing with mechanical properties in relation to microstructure and environment have been carried out with
alloy 718 [1, 4, 6-9, 13]. Depending on the industrial applications,
the microstructure of this Ni-based superalloy can be designed to
fulfill service property requirements. Thus, a great variety of microstructures have been explored, together with some slight changes in
chemical composition. However, whatever the microstructure may
be, this alloy remains sensitive to oxidation assisted intergranular
crack initiation or propagation [12]. Studies on the effect of the environment on the crack propagation rate and the cracking path have
shown that the occurrence and kinetics of the local intergranular oxidation involved in the damaging process do not vary following classical oxidation laws, but rather depend on the type of oxide formed
during the first steps of the oxidation process [2, 3, 11]. A critical
oxygen partial pressure was evidenced, relating the type of oxide and
the type of crack propagation path. This coupling effect between the
local mechanical behavior and the oxidation process give rise to an
abrupt change in the fatigue or creep fatigue crack propagation rates
when crossing the critical oxygen partial pressure.

At a much lower temperature (340°C), when exposed to simulated
pressurized water reactor testing conditions, without irradiation effects,
a similar intergranular fracture process occurs during slow strain rate
tests [14]. Typical fracture surfaces corresponding to high and low
temperature oxidation assisted intergranular fracture are shown in
figure 1 [5, 15].
In order to achieve a better understanding of this type of coupling
between the mechanical behavior, oxidation and metallurgical state,
further studies were performed. A transition between intergranular
crack initiation and growth to transgranular ductile fracture is evidenced over the entire temperature range 300°C -700°C under air
testing conditions when Portevin-Le Chatelier (PLC) type flow instabilities appear. Given that this boundary between the Dynamic Strain
Ageing (DSA) without serrations and the PLC sub-domain is related to
microscopic and macroscopic mechanical aspects and mechanisms,
studies were continued and the results have been the subject of an
earlier publication [10]. A great number of tensile tests have been
carried out in an air atmosphere, in order to characterize the plastic
instabilities (PLC effect) resulting from a DSA phenomenon in this
alloy. The results of these tests are plotted in figure 2, showing the
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absence or occurrence of plastic instabilities and the rupture mode
exhibited by the fracture surface.

This paper mainly focuses on the effect of strain rate on both the
mechanical properties and the sensitivity to Oxidation Assisted Intergranular Cracking (OAIC) of alloy 718, during tensile tests in an air
environment for a temperature 650°C. The purpose is to propose a
realistic scenario concerning the mechanisms responsible for oxidation assisted intergranular crack initiation in alloy 718.

Materials and experimental procedure

(a)

(b) 1 - Typical fracture surface SEM micrographs for (a) a tensile test
Figure
under simulated PWR testing conditions and (b) a tensile test at 650°C in air

The specimens used in this study were machined from a single heat,
whose chemical composition is given in table 1. The material was hot
rolled and then cold rolled up to a final thickness of 0.64 mm. The
as-received material is in a solid solution state. Typical solution annealing heat treatment can be achieved through a standard route (1040°C0.5h-Water Quench). Tensile specimens and coupons were cut through
spark machining. A standard heat treatment (720°C-8h; cooling rate
50°C/h down to 620°C-8h) was then applied to these samples. After
being heat treated, all of the samples were mechanically polished in
order to eliminate the spark machining affected zone. The tensile specimen geometry is presented in figure 3. The microstructure of the material was then characterized, using usual observation tools (optical and
Scanning Electron Microscopes (SEM)). An average grain size of 10
to 20 µm was measured. As expected from the annealing heat treating
conditions, the delta phase was not observed. Primary carbide alignments were evidenced, due to the hot and cold rolling steps. Representative micrographs of the microstructure are given in figure 4.

700
DSA - Intergranular fracture mode

3 mm

650

0.64 mm

Temperature (°C)

600

20

550

mm

500
450

Figure 3 - Geometry of the tensile specimens used in this study
400
350
PLC - Transgranular fracture mode

300
10-5

10-4

10-3
Strain rate (s-1)

10-2

10-1

Figure 2 - Representation of the plastic instability occurrence or absence
domains (PLC: denotes the domain where serrations were observed; DSA:
denotes the domain where no serration was observed, often called the dragging domain) and of the associated rupture modes on the temperature –
strain rate plane
Element
Composition
(weight %)

Tensile tests were performed on a low capacity (10kN) MTS tensile machine equipped with a radiation furnace and an environmental control
chamber. Care was taken to limit the thermal gradients along the tensile
specimens to less than +/- 5°C. Tensile tests were carried out under
displacement rate control. Due to the weak strain hardening of this alloy
and the in situ measurement of strain by a laser extensometer, different
quasi constant strain rates could be explored from 10-5s-1 to 10-1s-1.
Tensile tests were performed in the temperature range 300°C - 700°C.
Initial mechanical properties at room temperature, 300°C and 650°C
determined with a strain rate close to 10-3s-1 are presented in table 2.

Ni

Fe

Cr

Nb

Ta

Ti

Al

Mo

Mn

Si

Cu

Co

C

B

P

S

53.6

18.3

18.4

4.94

0.01

0.95

0.56

3.0

0.06

0.04

0.02

0.02

0.033

0.002

0.01

0.0002

Table 1 - Chemical composition in weight percent of alloy 718 used in this study, as determined
by Glow Discharge Mass Spectrometry (GDMS) / Instrumental Gas Analysis (IGA)
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be taken into account, intergranular brittle areas must be extended over
more than one grain. The areal index is given by the ratio of intergranular
brittle areas over the total surface of the fracture surface, as defined by
equation (2). The linear index is well suited to characterize crack initiation, while the areal index is suited to characterize crack propagation.
Calculations of both indexes were carried out for all air tested samples.
linear
=
I OAIC

I
(a)

areal
OAIC

∑

i =n
i =1

Li

(1)

Ltot

∑
=

i =n
i =1

Si

(2)

Stot

Results
Inert environment
In order to assess the effect of the strain rate on the mechanical behavior, tensile tests were carried out in an inert environment. In this case,
a dynamic vacuum equal to 10-5 mbar was used. The results of these
tests at 650°C are presented in figure 6. As expected, a positive effect
of the strain rate on the flow stress is found. Flow instabilities appeared
for an applied strain rate of 10-2 s-1, as well as low noise emissions. This
phenomenon is clearly related to the triggering of PLC instabilities. The
fracture surface was observed for each test. All of the specimens exhibited a typical ductile fracture with dimples, mostly initiated on primary
carbides, whatever the strain rate, independently from the occurrence
or not of plastic instabilities. That is to say that flow instabilities in an
inert atmosphere do not generate a change in the fracture mode.

Figure 4 - Typical SEM micrographs of alloy 718 used in this study:
(a) fully recrystallized equiaxed microstructure
(b) typical carbide alignment in the rolling direction
 0.2 (MPa)

 m (MPa)

Ef (%)

Ue (%)

RT

1200

1600

19

18.2

300°C

1200

1600

16

15.2

650°C

1000

1280

19

18.3

Table 2 - Typical mechanical properties of alloy 718 used in this study for
different temperatures: Room Temperature (RT), 300°C and 650°C. Yield
stress (0.2), Ultimate tensile stress (m), Elongation to failure (Ef) and Uniform elongation (Ue)
L...

Ln

L1

L2

Li+1

Li

Figure 5 - Diagram of the fracture surface of a sample, with determination of
the intergranular brittle fracture length

In this study, two indexes were used to characterize the effects of OAIC:
a linear index and an areal index. These indexes can be calculated from
quantitative SEM observations of the fracture surfaces of the tensile
samples. The linear index is given by the cumulated length of intergranular brittle areas (Li) over the total perimeter length of the fracture
surface ratio, as represented in figure 5 and defined by equation (1). To

1600
1400

True stress (MPa)

(b)

650°C
Vacuum

1200
1000
800
600
400
0

10-2 s-1
3.2 x 10-3 s-1
10-3 s-1
3.2 x 10-4 s-1
10-4 s-1
3.2 x 10-5 s-1
10-5 s-1

0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22
Plastic strain

Figure 6 - Evolution of the flow stress for 650°C tensile tests in a vacuum
(10-5 mbar), as a function of the strain rate

Oxidizing environment
A new set of experiments with the same thermal and mechanical testing conditions but under laboratory air conditions was performed.
Some of the corresponding tensile curves are plotted in figure 7. The
strain rate sensitivity was confirmed to be unaffected by environmental testing conditions. However, when dealing with elongation to rupture, the results are quite different. figure 8 gathers the results obtained
for the two sets of tests, i.e., in a vacuum and under laboratory air
testing conditions. The results obtained show that elongation to rupture is much smaller when the tests are carried out in air, except after
the triggering of flow instabilities. When the strain rate is greater than
the threshold strain rate, the elongation to fracture does not depend
on the environment. However, due to the strain localization in the PLC
regime, the strain to failure decreases [16]. It is worth noting here that
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the modification of the fracture behavior between the two environments
is associated with a change in the fracture mode. At low strain rates
under air testing conditions the fracture mode is intergranular. On the
contrary, when the strain rate is greater than the strain rate threshold the
fracture surface is ductile, whatever the environment.
1600
650°C
Air

1200

10-2 s-1
10-3 s-1
3.2 x 10-4 s-1
3.2 x 10-5 s-1
10-5 s-1

1000
800
600
400
0.02 0.04 0.06 0.08

0.1 0.12 0.14 0.16 0.18
Plastic strain

0.2

0.22

Figure 7 - Evolution of the flow stress for 650°C tensile tests in laboratory air
as a function of strain rate

Elongation to failure (%)

18
16
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12

Vacuum
Air

10
8
6

DSA

4
10

10

-5

-4

PLC

10
Strain rate (s-1)

10-2

-3

Figure 8 - Elongation to failure for tensile tests at T=650°C for different types
of atmosphere: dynamic vacuum (10-5 mbar), or air

It is worth noting that tensile properties, such as Yield Stress (YS) and
Ultimate Tensile Stress (UTS), are strongly dependent on strain rate. A
representation of their evolution as a function of strain rate is plotted in
figure 9. The stress experienced by the sample can reach various levels
as a function of the strain rate.
1500

True stress (MPa)

1400
1300
1200

Something that must be pointed out is first of all that when tensile test
parameters, namely the temperature and strain rate, trigger plastic instabilities, i.e., in the PLC domain, the fracture surface is entirely ductile. This experimental fact is due to the strong localization of plastic
deformation within macroscopic bands resulting from the PLC effect.
Hence, in this case, the fracture cannot be intergranular for two main
reasons: the first is that the tensile tests do not last enough for the
deleterious process of intergranular oxidation to occur; the second is
the localization of the deformation into bands, which tends to enhance
the mechanical damaging process.
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Figure 10 - Evolution of the elongation to failure and OAIC sensitivity indexes
as a function of the strain rate for tensile tests at 650°C in an air environment
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Crack propagation in alloy 718 is still a controversial issue; nevertheless, under these assumptions, the maximum crack propagation
length related to the tensile test duration can be evaluated, which provides important information on the operating damaging mechanism
associated with the applied strain rate.
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14

(

Elongation to failure (%)

0

In order to better understand the OAIC mechanism, we compare
macroscopic mechanical behavior with microstructural features. This
is done through the graphical representation in figure 10, which shows
the evolution of rupture elongation and both (linear and areal) indexes
for OAIC sensitivity, as defined in a previous section of this paper, versus the strain rate. The plot also contains two complementary scales.
The first corresponds to the duration of a tensile test, which varies both
with the strain rate and the elongation to failure. The second one corresponds to the maximum crack length, determined using the maximum
intergranular propagation rate in alloy 718 CT samples during creepfatigue tests. This fastest crack propagation rate of a crack in alloy 718
has been evidenced in [12], it corresponds to the propagation of an initiated crack on a CT sample, during creep-fatigue tests (10s-300s-10s)
in a high oxygen partial pressure environment (PO2=0.2 bar) and a
high stress intensity factor ∆K =
40 MPa m . More precisely,
these loading conditions have proven to lead to an average crack propagation rate of the order of 2 µm.s-1.

IOAIC (%)

True stress (MPa)

1400

Discussion

DSA
10-4

10-3
Strain rate (s-1)

PLC
10-2

10-1

Figure 9 - Evolution of the yield stress and ultimate tensile stress for tensile
tests at T=650°C in a dynamic vacuum (10-5 mbar)

When entering the DSA domain from the fastest strain rate side, the
damage characteristics are as follows: the indexes are rather scattered; crack initiations are numerous, but propagation is inoperative; the
bearing section of the sample is, in this case, nearly unaffected by the
cracking phenomenon. This strain rate domain enables the crack initiation behavior of the alloy to be characterized. This is the domain of
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interest for alloy 718, for which sensitivity is the key point regarding
in-service lifetime.
When reaching the lowest strain rates in the DSA domain, the damage
characteristics are the following: the indexes are weakly scattered; intergranular crack initiation sites are few, but cracks propagate widely. In
this case, the bearing section of the sample is strongly affected by the
cracking phenomenon and the elongation to failure is significantly reduced and nearly constant in this domain. Thus, this strain rate domain
tends to be crack propagation controlled.
It is worth noting that these features, reported in this paper at the fixed
temperature of 650°C, were also observed at different temperatures within the 300 - 700°C range. Indeed, OAIC indexes vary similarly versus a
decrease in the strain rate or an increase in the temperature [15]. Also,
for lower temperatures, PLC instabilities are observed in a systematic
way to be associated with ductile fracture surfaces, confirming that the
higher local strain rate does not allow OAIC to take place.
For a given grain boundary, crack initiation occurs when the intergranular normal stress app reaches a critical value that corresponds to
the grain boundary decohesion stress (GBDS), c. Both stresses have
a temporal evolution depending on the strain rate distribution in the
policrystal, which can be related to various parameters that will be discussed herein.
c

c

app

app
t

The decohesion stress of a grain boundary can be affected by several
parameters, which can lead it to evolve during the tensile test. Oxygen
penetration, vacancy injection due to the surface oxidation process,
cavity formation and alloying element deformation assisted segregation
to the favorably oriented grain boundaries are factors that are able to
modify the decohesion resistance of the grain boundaries. It is worth
mentioning here that intergranular oxidation provides a well-suited
means to test interface toughness. This process, which corresponds
to crack propagation jumps, might explain the high crack growth rate
observed under severe loading conditions, assuming crack arrest due
to bifurcation when the crack reaches a triple line.
The intergranular normal stress can evolve during the tensile test due
to various phenomena, such as dislocation accumulation at the grain
boundary neighborhood or creep of the surrounding grain structure,
which leads a grain boundary to endure an evolving normal stress during policrystal deformation. A competition exists between the relaxation kinetics of the grain boundary internal stresses and the weakening
kinetics of the grain boundary.
A previous study [15] carried out on a heat of alloy 718 within the
550°C to 700°C temperature range and within the 3x10-5s-1 to 10-1s-1
strain rate range showed the necessity to accumulate a given amount
of plastic strain before crack initiation can occur. This study based on
interrupted tensile tests and SEM observations showed that the amount
of accumulated plastic strain before crack initiation can be observed
on the gage length of the sample ranges from 1.8 to 3%. The existence
of this threshold highlights the effect of strain and stress redistribution
in the policrystal, occurring at the early stages of the strain hardening
process.

Conclusion
(a)

t

(b)

c

c

app

app

t

t

(c)

t

(d)

t

Figure 11 - Graphs of (a) applied intergranular stress and critical decohesion stress of grain boundaries, (b,c) some possible temporal evolutions of
applied normal stress and critical bonding stress leading to grain boundary
opening and (d) typical evolutions of both stresses in an inert atmosphere

It is relevant to note that the intergranular applied stress is unable to
reach the GBDS (d) without an environmental coupling effect, which
weakens the grain boundary, since the fracture surface of tensile
samples tested at the same temperature in a dynamic vacuum atmosphere never exhibit intergranular brittle areas. It is only when the GBDS
is lowered (b), or when the applied stress to a grain boundary increases
(c), that intergranular brittle fracture can occur. The question is: how do
c and app evolve respectively during the tensile test?

For a given microstructure of the alloy, oxidation assisted intergranular cracking in alloy 718 is still an open and important topic.
Results and observations obtained within the framework of this
study bring to light some new elements, allowing a better understanding of the coupling processes involved in the intergranular
crack initiation damaging mechanism. Two types of indexes were
defined in order to characterize both crack initiation and crack
propagation on tensile specimens. The evolution of these indexes
depending on temperature, strain rate and environmental testing
conditions enabled three domains to be determined. In the first,
characterized by a high strain rate and/or low temperatures, flow
instabilities (PLC) and short test durations, intergranular crack
initiation never occurs whatever the environment. In the second,
for intermediate strain rates, crack initiation occurs solely in an
air environment and the elongation to failure remains unaffected
by the damaging process. In the third, associated to slow strain
rates and high temperatures, intergranular crack propagation is
enhanced in an air environment and, consequently, the elongation
to failure is significantly reduced. Finally, it would be useful to reexamine the evolution and localization of the damage using EBSD
imaging during in-situ interrupted tests, in order to validate the
proposed coupling mechanisms, which are suspected to depend
on microstructural state 
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A

mong the different steps leading to a multi-scale lifetime prediction for
aero-engine components and other industrial components, one seems to
be apart from the other mechanical engineering concerns: thermodynamic and
microstructural modeling. Here is given an introduction to the CALPHAD method
[19, 27], explaining how it actually models the thermodynamic properties of
multicomponent systems. Then, a number of applications are described, while
emphasizing the relevance of using the CALPHAD method for the purpose of
developing integrated engineering methods. Finally, the importance of building
thermodynamic databases creates a high need for the development of ab initio
calculations, as well as high-throughput experiments and, generally speaking,
combinatorial materials science.

Introduction
There have recently been many incentives or ideas for new methods
to accelerate the development and maturation of innovative materials:
the DARPA-AIM program [45], the Materials Genome Initiative [36], the
Integrated Computational Mechanical Engineering (ICME) approach [1]
and European programs [16]. Numerical modeling is a key tool within this
context and in particular multi-scale modeling, in order to achieve virtual
optimizations of new materials and their associated processes as fast as
possible. The final purpose of the ICME approach is to be able to model the
entire chain, from the elaboration of a material to the in-service behavior of
the industrial component, covering the full range of process / structure /
property / performance relationships.

This article will give a theoretical introduction to the CALPHAD
method, showing how the various data from experiments or
numerical simulations can be collected and translated into a simple
and consistent thermodynamic description, called a thermodynamic
database. Then, a brief overview of CALPHAD industrial applications
will be given. Finally, the importance of supporting the development
and optimization of thermodynamic databases will be stressed, with
examples of original dedicated experiments.

However, the first step in this chain – or the first floor of the building – is
to model microstructures. This step is crucial, since microstructures have
very strong impacts on the local mechanical properties, for example through
precipitation hardening. This requires, at least, a relevant thermodynamic
model for the various phases in relationship with the alloy composition.
Therefore, this thermodynamic model represents the foundations of
our building. By the term “relevant”, we mean both the efficiency (or
precision) and the tractability of this thermodynamic model, since both
are highly necessary in multi-scale modeling. The CALPHAD method
has proven to be capable of both efficiency and simplicity: it is in fact the
only known method to calculate the thermodynamics of multicomponent
alloys in a simple way. This is why both academic and industrial uses
of the CALPHAD (CALculation of PHAse Diagrams) method are strongly
developing nowadays. Many microstructural models have, or become
modified to have, CALPHAD-based thermodynamic inputs [2,9,20]; so do
commercial software applications like MICRESS [38] or TC-PRISMA [42].

The simplest way to have a complete description of the thermodynamic
behavior of a system at fixed temperature, pressure and chemical
composition, is to know – i.e. to be able to calculate – its Gibbs energy
G (also called free energy), as a function of these state variables. Once
G is known, the thermodynamic equilibrium is calculated by minimizing
G. Then, it is possible to have access to any phase diagram, any
chemical potential (or activity), or any chemical composition of the
stable phases. The main idea of the CALPHAD method is to evaluate
the free energy of every phase by simple polynomials, called RedlichKistler polynomials. There are two main advantages of this solution:
data storage is easy, since a polynomial is fully described by the list of
its coefficients, and minimization is “not so hard” because a polynomial
and its derivatives are easily calculated. These polynomial coefficients
are the fitting parameters for the CALPHAD thermodynamic database
optimization; hence, they are very often called “parameters” by the
CALPHAD community.

CALPHAD method basics
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How approximate descriptions of G give rise to polynomial expressions with
physical relevance is now explained. The first step is to investigate the Gibbs
energy of a pure element. The Gibbs-Helmholtz equation gives:
T0
T0 C p


G (T0 ) =
H 298 + ∫ C p dT − T0  S 298 + ∫
dT 
298
298 T



(1)

where H298 and S298 are the standard enthalpy and the standard entropy of
the pure element at atmospheric pressure and at a temperature of 298 K.
Contrary to the entropy S, the enthalpy H (and hence G) has no absolute
value: by convention, H298 is chosen to be equal to zero. Cp is the heat
capacity of the element at constant pressure. Equation (1) is highly important,
because it is the source of our formulation for the expression of the Gibbs
energy of a pure element, that is :
n

G 0 (T ) =a + bT + cT ln T + ∑ d nT n

(3)

Equation (3) means that, given the heat capacity, there are only two
parameters (a and b) missing from the Gibbs energy expression.
The next step is to develop an expression for single-phased alloys.
When no interaction takes place between atoms of a different nature,
it is easy to add the xi ln(xi) term corresponding to the configuration
entropy in the case of ideal mixing. However, it is necessary to add
an excess Gibbs energy, due to the interactions between the different
atoms. Assuming the absence of ternary interactions, the molar Gibbs
energy Gm is written as:
i

i

i

1

3

2
Kohler

1

2
Muggianu

(2)

where a, b, c and the dn are user-defined coefficients, called
parameters, that drive the temperature dependence of the Gibbs
energy of the pure element in a particular phase. Equation (2) must be
fitted for each stable phase of the investigated element, the parameters
being associated to the temperature range where the phase is stable.
Moreover, differentiating equation (1) gives a very interesting result,
since we obtain the following expression for the heat capacity:

Gm =
∑ xi Gi0 + RT ∑ xi lnxi + ∑∑ xi x j Ωij

3

Figure 1 – Kohler's and Muggianu's rules illustrated in the example
of a ternary system [14]

2

C p (T ) =−c − ∑ ( n − 1) d nT n −1

through the use of Kohler's rule or Muggianu's rule [14], as shown in
figure 1. Gathering these ternary systems, containing data for each of the
above parameters, produces what is called a thermodynamic database.
Gathering systems supposes that the same description is made for shared
pure elements, shared binary systems and any shared subsystems. Namely,
the CALPHAD community shares a public pure element database [7].

This is why the thermodynamic databases are said to be best described
as a brick assembly, where the “unit” bricks are the pure elements,
whose CALPHAD models allow binary models to be built, then ternary
models and so on. This is also why there is research activity about very
accurate calculations of the Gibbs energy and heat capacity of pure
elements, to be compared with the CALPHAD unary database [10, 28].
The way in which the database can be built and optimized is far beyond
the scope of this article. In brief, the relevance of the database parameters
is tested by calculating the discrepancy between the thermodynamic
data that the database produces and the corresponding experimental
(or numerical) data. Optimization loops are performed and this is the
know-how of the expert researchers in the field, to be able to optimize the
numerous parameters of a database, with the aid of the special algorithms
included in the thermodynamic software (Thermo-Calc PARROT [42],
PanOptimizer [39], FactSage Optisage [35], etc.). It must be highlighted
that there are many different models that can reproduce a particular
binary phase diagram. The accuracy of the CALPHAD assessment
will be revealed when the extrapolation into higher order systems is
performed. This accuracy depends strongly on the accumulation of
reliable experimental results concerning: phase diagram, calorimetric
measurements and activity measurements.

(4)

j >i

where xi and Gi0 are, respectively, the mole fraction and the Gibbs energy of
the ith pure element, R is the ideal gas constant and Ωij is the excess Gibbs
energy associated with the interaction between the ith and the jth pure element.
It must be noted that the excess Gibbs energy contribution in equation (4)
is automatically canceled when xi or xj is zero. Eq. (4) is called the regular
solution theory. Given that this excess energy Ωij has no physical relevance,
it may vary with temperature, as well as with xi and xj. In order to be able
to break the symmetry between the ith and jth element, Ωij is developed in
powers of xi – xj . This development of Ωij in the expression (4) of Gm is
called the Redlich-Kistler (RK) polynomial. The various expressions of the
Gibbs energy are not limited by RK polynomials, and far more complex
analytical expressions can be written, including contributions due to pressure,
magnetism, etc. [7].
In ternary and higher-order systems, ternary interactions Lijk (ternary Gibbs
excess energy) can be added, but there is no need to model quaternary
interactions in common systems. This is a crucial remark: it implies that
the thermodynamic model for a system of n elements can be approximately
considered as an extrapolation of various ternary systems. These ternary
systems can be modeled separately, the extrapolation being performed

Another set of data comes from what is called ab initio calculations, or
first-principle calculations, which means that the calculation directly solves
the Schrödinger equation and obtains the well-known wave functions of
the quantum mechanics for the desired system. These calculations have
become popular since the DFT method [23] became readily available
via commercial software (VASP [46], Wien2k [47], ABINIT [34], etc.)
and personal computers are able to solve simple systems in moderate
CPU times. The accuracy of the results is often discussed, because
various approximations lead to significant differences in the obtained
results and, also, because unskilled researchers will very easily get
irrelevant ab initio results.
In any case, these calculations are an appreciated help for temperature
ranges that are difficult to reach, metastable or unstable phases, or for
dangerous elements such as actinides. However, they have a strong
limitation in regard to the number of atoms that they are able to simulate,
so that – most of the time – only a unit cell of the crystalline structure
is considered. For this reason, it is not possible to simulate disordered
alloys, where the position of alloying atoms is not always in the same
place within the unit cell, but rather random. The point is that there are
specific CALPHAD models for the Gibbs energy of ordered phases that
will be able to incorporate these ab initio calculations.

Issue 9 - July 2015 - Thermodynamic Modeling by the CALPHAD Method and its Applications to Innovative Materials
AL09-10

2

Box 1 - Regular solution theory and topological features of the binary phase diagrams
In order to understand the topology of phase diagrams, Pelton and Thompson modeled in 1975 a basic binary phase diagram and added
constant excess Gibbs energies Ω in the solid and in the liquid phase [24]. This corresponds to the regular solution theory. The figure B1-1,
taken from [27], has been created in the same way, starting from the red-framed reference A-B binary diagram. If Ω is negative in the liquid
or in the solid phase, this means that A and B “like” to be mixed together, so nothing complicated happens. Conversely, if Ω is positive, it
means that A and B “dislike” to be mixed together. Two-phased domains appear and become larger. For example, adding an excess mixing
energy in the solid phase leads to an eutectic diagram. The liquid alloy may also demix, if Ω is positive in the liquid. The upper-right corner
of figure B1-1 shows that almost no single-phased domain remains when large amounts of excess energies are added in both the liquid
and solid phases. In conclusion, the regular solution theory gives many different topological features for phase diagrams, even with the
two-phase simplest binary diagram.
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Figure B1-1 – Topological features of phase diagrams calculated using the regular solution theory [27]

In order to model ordered phases, the CALPHAD formulation should
discriminate between the various sublattices occupied by the system
elements. These sublattice models had a tremendous influence on the
development and success of the CALPHAD method, because it is able to
model not only line compounds, but also, through the associated defects
(substitutions, vacancies and interstitials), interstitial phases, complex
intermetallic compounds and order/disorder transformations [27]. Assuming
two sublattices S1 and S2 in a binary system A-B, there are now four
reference states: A:A (pure A), A:B (A occupying S1 and B occupying
S2), B:A (B occupying S1 and A occupying S2), B:B (pure B). These four
reference free enthalpies, known as the end-members, are very important in
CALPHAD modeling. The excess Gibbs energy also has a new formulation,
taking into account the sublattices through different contributions [19,27].
The phases corresponding to the end-members are very often
thermodynamically (or dynamically) unstable, except for the ordered
compound investigated, that is, only one among the four phases. However,
each end-member must be evaluated, even though only one is experimentally
available. Here, it should be understood that the ab initio calculations are

mandatory to provide these values, which are necessary for the construction
of a relevant thermodynamic database. Results are, in general, more
accurate if the CALPHAD sublattices come closer to the real crystallographic
sublattices.
However, given that modeling a phase with m sublattices in an n-element
thermodynamic system does require the calculation of nm end-members,
there is actually a high demand for ab initio calculations from the CALPHAD
community. For example, the work of Yaqoob et al. [30] details a 5 sublattice
model for the σ phase in the Ni-Mo-Re system. This phase has a complex
crystallography, which is shown on the left in figure 2. However, this is highly
relevant to model this phase, because it is known to deteriorate the behavior
of Ni-based superalloys, which are widely used in the high pressure turbines
of aeroengines. Due to the 5 sublattice combination, the authors of [30]
had to perform calculations for 35 = 243 different structures, representing
90 different chemical compositions, but the results are very satisfactory. It
should be emphasized that there is a recent trend towards accumulating the
results of ab initio calculations in the form of databases, which are growing
very quickly [37].

Issue 9 - July 2015 - Thermodynamic Modeling by the CALPHAD Method and its Applications to Innovative Materials
AL09-10

3

1.0
0.8

Ni site fraction

Mo site fraction

0.6

Re site fraction

2a (CN12)
4f (CN15)
8i1 (CN14)
8i2 (CN12)
8j (CN14)
Exp. Occu.

0.4
0.2
0.0
0.0

2a

4f

8i1

8i2

8j

0.1
0.2
Ni mole fraction

0.3

0.0

0.1
0.2
Ni mole fraction

0.3 0.0

0.1
0.2
Ni mole fraction

0.3

Figure 2– Crystal structure of the σ phase (left); comparison between experimental (squares) and calculated (lines) site occupancies of the Ni-Mo-Re σ phase
at 1873 K along a line of the ternary diagram [30]

Once the thermodynamic model has been completed, equilibrium
calculations may be performed by minimizing the Gibbs energy. The
classical method for obtaining the minimum of the Gibbs energy is the
use of Lagrange multipliers μi and λφ related to the Nel + Nφ physical
constraints (mass balance equation for each of the Nel elements, sum
of the molar fractions equal to unity in each of the Nφ phases), as
described in [15]. The Lagrange function, noted as L, is written as:
N el
N

 N
 Nel 
nφ Gmφ + ∑ µi  ni − ∑ nφ xiφ  + ∑ λ φ 1 − ∑ xiφ 
∑
φ 1 =i 1 =
φ 1 =
=
 i1 

 φ 1=

L=

Nφ

φ

φ

(5)

where Gmφ is the molar Gibbs energy of the phase φ, nφ is the number
of moles of the phase φ and xiφ is the mole fraction of the ith element in
the phase φ. Then, a non-linear system of Nφ (Nel + 1) Lagrange-type
equations (6a) and (6b) must be solved, usually using a Newton-Raphson
algorithm, in addition to the Nel + Nφ initial constraints (6c) and (6d).
N el
∂L
=−
Gmφ ∑ µi xiφ =
0
φ
∂n
i =1

(6a)

φ
 φ
∂L
φ  ∂Gm
=
n
− µi  −=
λ 0

φ
φ
∂xi
 ∂xi


(6b)

N el

1 − ∑ xiφ =
0
φ =1

Nφ

ni − ∑ nφ xiφ =
0
φ =1

databases proposed by the TCS-AB company for the Thermo-Calc
software gives an idea of the number of material classes that have
been assessed with the CALPHAD method [42]. It includes metallic
materials (steels, Ni-based superalloys, titanium alloys and aluminum
alloys), ceramics, cemented carbides, intermetallics, nuclear fuels,
cermets, solders, etc. Some striking examples will be given here,
showing what can be expected in the future for alloy design and
optimization.
The Ford company has developed the ability to perform so-called
“virtual castings” [1]. Using the Procast [40] and Abaqus [33]
software applications, the sole inputs for the calculation are: the
complex die geometry, the alloy composition and the required
properties. The castability, phase transformations and resulting
mechanical properties (tensile strengths, as well as low-cycle
fatigue properties) are simulated together in the same 3D virtual
object. The Ford company claimed that this new approach reduced
time from 15-20% for the design of new engine blocks and hence
saved millions of dollars. This required state-of-the-art calculations
and experiments. As an example, they investigated how to calibrate
heat-transfer coefficients for the solidification simulation. Moreover,
solid-state diffusion was coupled to the dendrite structure evolution,
with the entire calculation being actually coupled with the CALPHAD
software Pandat [39]. The influence of each length scale in their multiscale simulation is summed up in figure 3.The acceleration effort for
the ultrahigh-strength steel design, such as Ferrium S53 and M54,

(6c)
Need to determine which lengths scales are
essential for the particular engineering requirement
(6d)

The final result gives the values of the initially unknown quantities: the
amount nφ of the various phases, their composition given by the xiφ
and the Lagrange multipliers λφ and μi, these μi being considered as
the chemical potentials of the ith element. All information regarding the
thermodynamic equilibrium has been calculated.

Industrial applications
Outside ONERA
The domains of application of the CALPHAD method are so numerous
that it is impossible to list them here. The list of thermodynamic

1m
Engine Block
1 - 10 mm
Macrostructure
• Grains
• Macroporosity
Properties
• High cycle fatigue
• Ductility

10 - 500 μm
Nanostructure
• Eutectic Phases
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• Microporosity
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• Yield strength
• Tensile strength
• High cycle
fatigue
• Low cycle
fatigue
• Thermal Growth
• Ductility

1 - 100 nm
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• Precipitates
Properties
• Yield strength
• Thermal Growth
• Tensile strength
• Low cycle
fatigue
• Ductility

0.1 - 1 nm
Atomic structure
• Crystal structure
• Interface structure
Properties
• Thermal Growth
• Yield strength

Figure 3 – Relevant length scales behind the multi-scale modeling from
atoms to engine that was developed by Ford company to simulate so-called
“virtual castings” [1]
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is a very good illustration of the success of Accelerated Insertion
of Materials [45] (see figure 4). The microstructural modeling was
performed by the Precipicalc software, which uses the Thermo-Calc
and DICTRA software as engines for the calculation of equilibrium and
diffusion [42]. The most surprising fact may lie in the ability to predict
the manufacture variation. Big simulation datasets have allowed
designers to evaluate the 1% minimum ultimate tensile strength and
to compare it to the material requirement. This proved the necessity of
additional process optimization before starting the material evaluation
at a larger production scale, saving approximately one year in time
and a half million dollars. Finally, the evaluation of the 1% minimum
ultimate tensile strengths (over 10 heat values and 600 observations)
showed only a 7 MPa difference between the calculation results and
the experiments, revealing how relevant this approach has been.
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Figure 4 – Accelerated insertion of materials.
Example from American steel-making industry given by G.B. Olson [22]

The European contribution to advanced material design is of course
very significant, namely by the very high level of knowledge in terms of
quantum mechanics modeling, microstructural or process modeling,
although the full integration of the various length scales remains a
challenge. The CALPHAD method is widely used in Europe: the SGTE
group in Grenoble France, founded by E. Bonnier, laid the foundations
for this method since the 1970s, with a crucial role played by H. Ansara
[11]. There has been a strong presence of CALPHAD developers and
users in Europe: the Thermo-Calc Software in Sweden, the Thermotech
company in England, the MatCalc project in Austria, the MICRESS
team in Germany coupling phase-field methods with CALPHAD and
the Zircobase project (development of a thermodynamic database for
Zr-based alloys) in France thanks to the CEA. Only two examples are
detailed below, illustrating the microstructural modeling of Ni-based
superalloys: the first concerns oxidation behavior and the second
concerns microsegregation and its influence on γ' precipitation.
An English research team succeeded in predicting the formation of
an alumina layer during the oxidation of Ni-based superalloys at high
temperature [2]. Not only does the model calculate the evolution of the
oxide thicknesses at the surface, but also the γ' fraction as a function
of the distance to the outer surface. The authors use a combined
model: the parabolic growth of the oxides is coupled with a DICTRA
multi-element diffusion calculation, focusing mainly on the Al content
evolution (see figure 5). The input parameters are few and mainly used
to describe the parabolic-type behavior of the superalloy oxide growth.
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Figure 5 – Coupling an oxide growth model to a multi-element diffusion
calculation: scheme of the physical process (top) and simulation results
concerning two different alloys (a and b) [2]

An example of French research that strives to achieve the integration of multiscale process modeling is the PhD work of Luc Rougier [26]. Its aim was to
model successively the solidification, homogenization heat treatment and
quench of cast Ni-based superalloys. In fact, the main goal was to model the
γ' precipitation occurring during the quench. However, the precipitate mean
size (for one, two, or more different populations) depends on the quench
rate and on the local chemical composition. The latter can only be calculated
by modeling the micro-segregation processes of the solidification step and
the following solid-state diffusion during the homogenization heat treatment.
Satisfying results were obtained, showing in particular the great influence of
cross diffusion on the final microstructure, in the case of a Ni-Al-Cr ternary
alloy. This means that the diffusion of an element in the Ni-based γ matrix
should be known, not only in relationship with its own mole fraction gradient
(classical diffusion), but also with the mole fraction gradients of all of the
other elements (cross diffusion), leading to a need for the knowledge of the
entire diffusion matrix with sufficient precision.
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Within ONERA
at.% Ni

Al

W

N18 bal. 12.3 14.8 3.8 5.1 9.1

/

The list of the material-dependent input parameters is: initial solute
mole fraction, interfacial energy, pseudo-binary phase diagram,
effective diffusion coefficient and its activation energy, volume fraction
of primary γ' precipitates. The molar volume of the γ' phase is also
needed, but its slight variation has only slight impact on the kinetics,
since the elasticity influence is not taken into account. The interfacial
energy is assumed to be constant, whatever the temperature or
the size of the precipitates. This simple model has few materialdependent input parameters, but it was successfully used to describe
N18 precipitation kinetics. However, experimentally determining the
N18 pseudo-binary phase diagram and in addition evaluating the
effective diffusion coefficients by investigating the isothermal longtime microstructural dynamics at several temperatures was time
consuming. It was thus decided to test, for the calibration of N19
precipitation kinetics, a Calphad-based calibration with even fewer
experiment-based input parameters.

Nb

Zr

Hf

B

C

γ' solvus γ' frac.

/ .018 .16 .083 .075 1195°C 55-60%

N19 bal. 14.6 12.0 2.9 4.6 5.5 1.0 1.0 .038 .1 .08 .1

1145°C 40-45%

Table 1 – Chemical compositions (at. %),γ' solvus temperature and typical γ'
fraction at room temperature of N18 and N19 alloys [25]
1200

N19 γ' solvus

γ
γ'

The new calibration of the precipitation model for the N19 superalloy
has been accelerated through the use of the Thermo-Calc software,
its TCNI5 thermodynamic database [43] and its MOBNI2 mobility
database [44]. We give a brief reminder here of the approach, the main
assumptions and the input parameters associated with the model.
This is a particle size distribution model, based on classical nucleation
and Lifshitz-Slyozov-Wagner (LSW) coarsening theory [17], where
precipitates are distributed in size classes. It calculates the size
distribution of intragranular γ' precipitates over time, depending on the
material thermal history (which is supposed to be given as an input
of the model). The distribution obtained is bimodal most of the time,
or even n-modal (n > 2). This results in the knowledge of relevant
parameters for the microstructure at the end of the heat treatment:
mean sizes and volume fractions of each mode of the distribution (i.e.,
secondary and tertiary γ' precipitates for n = 2). Primary precipitates
do not interact directly with the calculated intragranular precipitation,
but their existence strongly modifies the matrix chemical composition
inside the grains, which is taken into account in the model.
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Given that this kind of calculation is performed at each Gauss point
of a mesh, it is necessary to simplify the problem. It is therefore
assumed that the precipitates are isolated spheres (no interaction
between precipitates), that the influence of elasticity is neglected and
that the precipitate/matrix interfaces are at local equilibrium. A pseudobinary approach is used to calculate the equilibrium mole fractions:
the Al, Ti and Nb γ'-forming element mole fractions are summed, in
order to deduce a “solute” mole fraction, like in the PhD work of J.
Mao [20]. A single “effective” energy-activated diffusion coefficient
is used to match the precipitation kinetics. The driving force is taken
from [29] and consists in a simple analytical expression of the matrix
supersaturation and is not specific to the material.

Cr Co Mo Ti

Temperature (°C)

There has been a lot of work within ONERA concerning powder
metallurgy Ni-based superalloys for high-pressure turbine disks.
An example of the ICME approach has been applied to the N18
superalloy used in the Snecma M88 engine. The size distribution of
its γ' precipitates was first modeled in the late 1980s using a binary
alloy model [21]. The precipitation model has been recently revised at
ONERA, upgraded in a pseudo-binary alloy model and finally used in
a multi-scale mechanical model for the calculation of the fatigue life
under low cycle fatigue conditions [3]. These calculations were able
to successfully predict the lifetime of the disk and also to guess its
dangerous locations due to cycling deteriorations of the material.
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Figure 6 – Pseudo-binary phase diagram of the N19 alloy obtained by the
Thermo-Calc software (top); Interdiffusion coefficients of Al (red squares),
Ti (blue triangles) and Nb (purple triangles) in the N19 γ phase for various
temperatures, obtained with the DICTRA software and compared with the
effective diffusion coefficient (green line), which better fitted the experimental
results (bottom)

Figure 6 shows the phase diagram obtained and the diagonal
interdiffusion coefficients for the elements Al, Ti and Nb in the γ phase
at its temperature-dependent equilibrium composition [25]. It must be
noted that no coupling between the Thermo-Calc (or DICTRA) and
Z-set is performed, but rather only a priori calculations for the input
parameters.
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values of the precipitate mean sizes. The last input parameter that
strongly influences the precipitation kinetics is the energy of the γ – γ'
interface. It was determined by fitting the experimental results, while
keeping it within a relevant range (1 to 100 mJ.m-2).
400 K.min-1

1 μm

100 K.min

-1

The validation of this approach was carried out by comparison with
experimental mean sizes of secondary precipitates and corresponding
surface fractions. Micrograph examples are shown in figure 7 (bottom),
where the microstructures are very different due to the variation in the
applied cooling rates. A very satisfying agreement was found between
the calculations and the experimental results, as shown in figure 7
(right), for both the subsolvus and supersolvus heat treatments. When
considering air cooling or oil quenching, the effects of the precipitation
latent heat will not be counteracted, which has been discussed in [25].
These encouraging results open the path to extending our integrated
approach for the calculation of a turbine disk lifetime to the N19 alloy
and to many other Ni-based superalloys.

Enriching the databases

1 μm

Outside ONERA
The impressive success of the CALPHAD method for various
applications poses the question of how the scientific community can
efficiently construct all of the thermodynamic data needed by industries
in all fields. This is a difficult problem to address. The high demand for
numerous and reliable ab initio calculations might not be met, due to the
need for huge computational resources and the corresponding skilled
materials scientists. The rapid progress in terms of supercomputing
performances may greatly help. However, it is more difficult to imagine
how phase diagrams could be experimentally assessed at a high speed
and with high precision. There are 61 commercially available metals,
resulting in around 1,800 binary systems that are not completely known
(even some with much scientific or technological interest present still
unclear areas), and 90% of the 36,000 ternary systems are said not to
have been explored in any way [16].
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Figure 7 – Influence of the quench rate on the precipitate mean size:
experimental microstructures (top) and comparison between numerical
simulations and experimental measurements (bottom) [25]

The phase diagram obtained allows the calculation of polynomial fits
of the equilibrium molar fraction evolution in γ'-forming elements of
the γ phase and of the γ' phase, from room temperature up to the
calculated γ' solvus temperature (1153°C). There is no need to
optimize these calculated fractions. Concerning diffusion coefficients,
it can be noted that the three elements investigated have similar
diffusion coefficients, which greatly simplifies the problem. However,
we had to optimize the effective diffusion coefficient by comparison
with our experimental results. The calculated interdiffusion coefficients
give a good initial estimate, especially at high temperatures, but the
activation energy must be taken slightly higher to fit the experimental

The necessity of creating thermodynamic experimental data at a higher
speed can be solved in two different ways: accumulating numerous
experiments, at a very high rate, with the help of automated routines or
performing experiments that yield, at once, a great amount of data. A
combinatorial materials science project, called ACCMET (ACCelerated
METallurgy), has been recently funded by the European Commission
through a FP7 research program [16]. The main idea is to cast small
samples of metallic alloys by mixing pure elements, producing a sample
in only 30s, offering the opportunity to screen large compositional
landscapes. Automated characterizations may follow, including microhardness, RX diffraction and resistivity measurements as a function
of temperature. This is enough to reveal intermetallic phases and to
evaluate the ability of these new phases to maintain their strength at
high temperatures.
A famous high-throughput experimental method was reported in 1970
by Hanak, who prepared composition-spread films of metal alloys by
sputtering mixed-material targets [12]. Since 1970, this method has
unfortunately not been extensively used, but, more recently, Cui et al [6]
have used co-deposition techniques to discover new shape-memory
alloys and to rapidly assess the compositional domain of these (see
figure 8). A serious concern is that these as-cast microstructures and ascoated microstructures may be very far from equilibrium and no accurate
thermodynamic data can be deduced before a relevant thermal treatment.
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Diffusion couple experiments were performed at ONERA in order to
determine composition-dependent interdiffusion coefficients in the
intermetallic compound β-(Ni,Pt)Al by numerical inverse analysis [4].
The intermetallic compound β-(Ni,Pt)Al is used as a high temperature
protective coating for superalloys and a bondcoat for thermal barrier
coatings. In this context, it is especially relevant to estimate the diffusion
kinetics of the Al element, which has a high influence on the lifetime
of coated Ni-based superalloy turbines in an oxidizing environment. It
was possible to derive relevant interdiffusion coefficients from these
experiments and to prove the consistency of the method [4].

100
Ti

Figure 8 – Shape-memory hysteresis measured for many different
compositions of the Ni-Ti-Cu ternary system with the help of high-throughput
experiments [6]. The figure shows at a glance the interesting composition
ranges to obtain the desired shape-memory effect

Another example of an interesting technique is the diffusion triples
[8,13,31]. Diffusion couples are commonly used to determine
interdiffusion kinetics between two materials. This technique could
be extrapolated to three pure elements that are welded or bonded
together. Long-term heat treatment leads this ternary system to
thermodynamic equilibrium. As the three elements diffuse throughout
the entire sample, most of the ternary phase diagram is explored and
Electron Probe MicroAnalysis (EPMA) profiles are able to measure the
compositions of the stable phases and the tie-lines that are associated
with the interfaces between the phases. Zhao et al [31,32] provided
many insights in regard to this experimental technique. The special
interest is that the technique can explore, in one single experiment,
a ternary diagram at a chosen temperature. The Zhao team has
evaluated many ternary systems for the company General Electric
during the 2000 s.
However, some phases that have slow kinetics never appear during
these diffusion experiments and – once again – there is a strong
concern about the out-of-equilibrium nature of the microstructure. A
well accepted assumption is that the mole fractions of the various
elements at the interface between two phases correspond to the
stable tie-lines of the phase diagram, but this is only an approximation.
It is also not possible to determine the crystalline structures of the
observed phases, only their chemical composition.
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Figure 10 – Influence of the composition of the β-(Ni,Pt)Al phase on the
interdiffusion coefficient of Al with respect to the gradient of the Al mole
fraction [4]

More recently, inspired by the work of J.C. Zhao and based on our
experience in diffusion couples, diffusion multiple experiments have
been performed at ONERA. Our main idea was to perform quick
and simple experiments, needing only common laboratory devices
and quick chemical characterization. Contrary to Zhao's team, the
hot isostatic press (HIP) was not used, but rather only a laboratory
furnace with sufficient volume and a flat base, where two pure metals
can be bonded according to the scheme in figure 11. The solid-solid
bonding can be repeated on the obtained couple with a third metal. In
most cases, it is helpful to use a melting process to build the triple, for
example by cutting a hole in the first couple and using it as a crucible
[8]. It is important to inspect the binary diagrams in order to predict
how the liquid pure element will react with both other elements.
Mo
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Figure 9 – EPMA profiles after the diffusion of a Cr-Co-Mo triple for 40 days at 1100°C (left) and the corresponding phase diagram data (right) [32]
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In fact, eutectic reactions often occur, preventing the system from
maintaining the presence of the pure elements, which limits the width
of the compositional exploration of the ternary system. For example,
in the case of the Nb-Ti-Si system, considering that Si (Liq) → 0.94
Si (diamond) + 0.06 NbSi2 (hexagonal), it is interesting to use pure
Nb as a crucible for Si. Conversely, testing a pure Ti (or even a Ti/Nb
couple) crucible led to the L → Ti + Ti5Si3 eutectic reaction, with no
pure Si left in the sample. Some wetting problems could also occur. If
the liquid metal wets the crucible completely, it escapes through the
hole and, again, a very small quantity of the third metal is left.
The longest step in the experiment is due to the long-term diffusion
heat treatment that is needed to explore the diagram, ranging from a
duration of one day (high temperatures) to several months (intermediate
or low temperatures). There are several ways to shorten the duration:
downsizing the samples to thin layers, performing a diffusion treatment
on an initial couple before bonding the third element, or performing a
dual anneal diffusion multiple approach [5].
The last step is the chemical characterization of the obtained
microstructure, which should reveal the ternary diagram properties. It
usually consists in performing EPMA profiles around the triple point and
perpendicularly to planar interfaces, so that the positions of the various
ternary diagram tie-lines are evaluated [32]. We are now developing a
new method at ONERA that is less reliable but very quick and does not
need any EPMA. The EDS mapping technique is used around the triple
point with a refined mesh, so that the EDS spectra are automatically
acquired, typically overnight. The advantage is that all of the data can
be post-processed, keeping the scanning electron microscope available
for other experiments during the daytime. An automated quantification
procedure has been specially developed by the company SAMx [41]
in order to obtain a quantitative chemical composition at each pixel of
the map, with the option of grouping several spectra into one larger
pixel if the EDS spectrum quality must be improved. This is the recent
technological progress in terms of X-ray detection (SDD detectors) that
makes this current approach possible.

Nb5Si3

Si
Ti

W

Figure 11 – Simple solid-solid bonding method that can be used with
conventional laboratory furnaces

NbSi2

Nb

Figure 12 – Quantitative chemical imaging of a Nb-Ti-Si diffusion triple at
1200°C for 5 days (left); example of results given by an automated “image
processing” of EDS maps for two different triples

The evaluation of ternary phase diagrams can be easily derived. It
is even possible to obtain an automated “image processing” of the
EDS map that gives a quick evaluation, if not a reliable assessment of
the phase diagram. In any case, due to the EDS limitations compared
to the EPMA, the method cannot be considered as precise enough
to perform a proper assessment. Note that this approach is only
beginning and is still under development. We believe that it offers a
chance to obtain quick answers about the structure of a ternary phase
diagram, i.e., about the zones of the diagram where ternary phases
do appear or not, for intermediate temperatures: not too high (without
liquid phase) and not too low (too long diffusion times). This can be
of a great help when exploring some of the 32,000 unknown ternary
diagrams.

Conclusions and outlook
The CALPHAD method was presented and its high relevance for
the microstructural modeling of multi-component systems was
highlighted. The great number of fields in materials science where
the CALPHAD method is already used strengthens the present and
future impacts of CALPHAD in the processes for accelerated design
and optimization of new materials and components. Nevertheless,
the need for enriching thermodynamic databases must be met, which
demands a very high number of experiments and ab initio calculations.
In this perspective, high-throughput experiments, such as diffusion
multiples, are a very relevant topic to be explored by the scientific
community n
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T

his paper presents an incremental approach for modeling fatigue crack growth with
history effects. This approach is being developed at LMT since 2003, in collaboration with several industrial partners, mainly with Snecma, the SAFRAN Group, EDF
and AREVA, and the SNCF. The first part of this paper presents the context, objectives
and key assumptions on which the model is based. The second part presents some
examples of applications of the model, fatigue crack growth under Mode I conditions,
with variable amplitude loading; non-isothermal situations; crack growth under coupled
environmental and fatigue loading conditions; extension of the model to non-proportional mixed mode loading conditions and to short cracks. The last part presents the
ongoing work, the possible developments and the scientific challenges that remain to
be overcome.

Introduction
Industrial sectors of public transportation (air, ground or naval) and
of energy production (especially nuclear energy) implement an approach, called damage tolerance, to ensure that any damage located in a critical component will have limited consequences and will
cause neither catastrophic failure in operating conditions nor fatalities. To do so, assumptions must first be made about the location,
the geometry and the size of possible flaws in critical components.
These assumptions depend on the resolution of non-destructive
inspection techniques used before putting the system in operation or during preventive maintenance operations. If no damage
has been detected, then the component is assumed to contain a
non-detectable flaw. The design of the system and its preventive
maintenance plan must ensure that this flaw will be harmless under
operating conditions during the lifetime of the system. In order to
do so, the most detrimental configuration is also assumed, i.e., the
flaw is assumed to be a crack, located in the most critical zone of
the component, with the worst possible orientation and with a size
just below the detection threshold of the non-destructive inspection techniques used. At this point, models are needed to predict
the growth of this potential crack, so as to predict the safe life
of the component under operating conditions, to plan preventive
maintenance operations, or the replacement of critical components
or of the entire system. For a fail-safe approach, models are also
needed to determine the crack path and the size of the fragments
in the event of a sudden break, to predict the damage that they can
cause and the consequences of the failure of a component on the
behavior of the entire system.

However, accurate prediction of fatigue crack propagation and of the
service life of critical components under operating conditions remains
difficult for the following reasons:
• 2D / 3D: Critical areas, where cracks are initiated, are usually
stress concentration areas (notches, holes, contact areas, interfaces,
thermal gradients, etc.), where the stress field usually exhibits a spatial
gradient and may be multiaxial. This gives a three-dimensional character to the fatigue crack growth problem (short cracks, curved crack
front, non-planar crack, or mixed mode loadings) [35,26]. However,
the crack propagation models used to predict the growth of these 3D
cracks usually use 2D experiments (Mode I, long and planar cracks).
• Non-linear material behavior: The materials used for critical
components are, as far as possible, ductile materials and display a nonlinear behavior. The non-linear nature of the behavior of the materials is
at the origin of history or memory effects in fatigue crack growth. The
importance of these history effects on fatigue crack growth has been
demonstrated and explained [2, 16, 17, 18, 19, 20, 23, 28, 36, 40, 41,
47, 52, 53, 55, 56, 60, 61, 67, 68]. Various crack propagation models
(NASGRO, PREFFAS, Strip Yield, etc.) have been developed to account
for these history effects. If the material is non-linear, the loading path
(not only the peak loads) is to be considered to predict the fatigue
crack growth rate. However, since most models predict a fatigue crack
growth rate per cycle, they require the use of a cycle counting method
(e.g., rainflow) to be applied to load sequences under operating conditions that might be quite far from being cyclic. When the load sequence
stemming from the cycle reconstruction differs significantly from the
original one, the life prediction may be questionable. The incremental
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approach, which we have developed at LMT, avoids the use of a cycle
reconstruction method by predicting a crack growth rate per second.
• Other non-linear effects: If any non-linear mechanism is involved,
questions arise about cycle counting, damage accumulation, load path
effects, etc. Aside from the non-linear material behavior, the primary
source of nonlinearity is the interference between the crack faces, the
plasticity or roughness induced crack closure problem in Mode I and
the friction between the crack faces in Mode II and Mode III [4, 7, 8,
6, 12, 13, 14, 15, 21, 22, 24, 30, 39, 43, 51, 57]. Time dependent
damage mechanisms may also contribute to crack growth (creep, corrosion, oxidation, etc.) and be coupled with pure fatigue crack growth.
An incremental approach makes it possible to consider and to model
independently the effects of each mechanism in each time step [1, 3, 5,
25, 29, 31, 34, 42, 49, 59, 65, 69, 70].

• A curvilinear coordinate system RT, defined with respect to a
suitable characteristic scale, can be attached to the local crack front
and the local crack plane. In this coordinate system RT, the crack
is assumed to be locally planar and under generalized plane strain
conditions along the local straight crack front. This assumption allows
the crack tip fields to be partitioned into Mode I (symmetric), Mode II
(anti-symmetric) and Mode III (anti-planar) local components.
v ( P,=
t ) R v (T , t ) R + ω ( RT / R0 ) ∧ TP + v ( P, t ) R
0
0
T


 


growth

(1)

behaviour

n
t
T

• Complex loading conditions: Loading sequences under actual
operating conditions can be rather complex. The mechanical loadings
can be uniaxial or multiaxial, varying in space and time (variable amplitude loading in Mode I, in-phase or out-of-phase loadings under mixed
mode conditions, etc.). Similarly, it may be non-isothermal in space
and time (thermal fatigue, etc.).

r

P

w

y

Ro

z

x

RT

Figure 1 - Local coordinate system attached to the crack front (T) and plane

Since 2003, an incremental approach has been developed at LMT, step
by step [9, 10, 11, 13, 21, 22, 27, 28, 38, 52, 53, 54, 55, 56, 59, 62],
to predict fatigue crack growth under complex loading conditions and
in non-linear materials. The approach is based on the assumption that
“pure” fatigue crack growth stems from crack tip plasticity [37, 44, 45,
48]. With such an assumption, an incremental model for “pure” fatigue
crack growth could be derived from an incremental plasticity model for
the crack tip region. The crack growth rate per second can be predicted
from the crack tip plasticity measurement. Various authors have derived
successful predictions of the fatigue crack growth rate under complex
loading conditions, from the analysis of the plastic strain field around
the crack front obtained from non-linear finite element simulations.
However, non-linear finite element simulations remain unusable in an
industrial context, where cracks are usually 3D. A simplified model is
required, but the finite element method can be used to develop a simplified model and to verify its capabilities.
The simplified model that has been developed at LMT is aimed at
condensing all of the non-linear behavior effects of the material in the
crack tip region into a set of constitutive equations based on the minimum number of variables necessary to reasonably represent the crack
tip plasticity problem. Moreover, the simplifying assumptions in the
model are chosen to be suitable with a use in mixed mode conditions.

Hypotheses
The model is based on some considerations that are briefly recalled
below.
• Infinitesimal strain conditions are considered.
• The local solution is assumed to be dominated by the local geometry of the crack. The remote boundary conditions and their history
are hence expected to control the intensity of the crack tip fields but
not their spatial distribution, which is assumed to be given once for
all, and to be associated with the local crack geometry.

• With respect to the local coordinate system attached to the
local crack plane and crack front, the geometry of the crack is locally scale invariant. This implies that, in each time step, the solution
of the problem can be expressed (at least locally, in the vicinity of
the crack front) as the product of an intensity factor and of a spatial
distribution, which is scale invariant. It implies, in addition, that this
spatial distribution can be expressed as the product of a function
f(r) of the scale (the distance to the crack tip r) and of a function
g (θ ) of the angular position with respect to the crack plane. With
this approach, the spatial distribution f ( r ) g (θ ) is given once for
all and the intensity factor I(t) can be considered as a degree of
freedom.
v ( P=
, t ) R v=
( x, t ) I ( t ) f ( r ) g (θ ) , where f (α r ) = β f ( r ) (2)
T

• Since it is always possible, at least transiently during a time step,
to obtain a linear elastic behavior by reversing the loading direction
(and assuming infinitesimal strain conditions), the elastic behavior of
the crack tip region requires, for each mode, an independent degree
of freedom even if elastic-plastic conditions are considered. In such a
case, the hypotheses listed above apply independently to elastic and
inelastic behaviors. If crack tip plasticity is well confined, the elastic
bulk constrains the development of the crack tip plastic zone and this
also drastically limits the number of useful degrees of freedom required to represent reasonably well the plastic flow obtained in the crack
tip region.
This last property is illustrated in figure 2, for example. The accumulated plastic strain field obtained by elastic-plastic FE simulation under
out-of-phase I+II mixed mode conditions was plotted in a logarithmic scale, for different points of a circular loading path in a KI-KII
plane. At each point A, B, C or D, the angular distribution of Pcum is
obviously the same whatever the distance r to the crack tip, so that
Pcum ∝ f ( r ) g (θ ) . In addition, it can be seen in figure 2 that Pü
decays exponentially from the crack tip, with the same decay rate
throughout the mixed mode loading cycle.
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Assuming that the plastic zone is confined, this implies that
f i c ( r ) → 0 . And since ϕic ( P ) is the spatial distribution of the iner →∞
lastic part of the velocity field at the crack tip, it should be discontinuous across the crack faces and maximum at the crack front, which
implies that it should decay exponentially and which was observed in
FE computations.
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f i c ( r ) was rescaled to 1 when r → 0 , by convention. In addition,
gic (θ ) is discontinuous across the crack faces and was rescaled
so that:		
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Figure 2 - Illustration : Five out-of-phase Mixed Mode I + II loading cycles (AB-C-D) were simulated under non-linear conditions using the finite element
method. The iso-values of the equivalent plastic strain Pcum are plotted in a
logarithmic scale, during the first cycle in points A, B, C and D of the load path
and at the end of the fifth cycle (D).

As a consequence, under elastic plastic conditions, the velocity field
in a reference frame attached to the local crack tip and crack front can
be approximated as the superposition of three modes, denoted by i.

Each mode requires a degree of freedom K i for the elastic response
and another degree of freedom ρ i for the inelastic one. Both the
elastic and the inelastic part are expressed as the product of a spatial distribution and an intensity factor used as a degree of freedom
and which can be calculated by post-processing elastic-plastic finite
element results. The spatial distribution is constructed a priori and is
the result of the various constraints (local crack geometry, symmetry,
scale independence, etc.).
v ( P, t ) R

T

∑

3
i =1

K i ( t ) .ϕie ( P ) + ρ i ( t ) .ϕic ( P )


 
vie

( P,t )

vic

(3)

( P,t )

 gic (θ )( θ = π ) − gic (θ )( θ = π )  = 1
θ

(5)

In practice, this post treatment is used to rescale each reference field
ϕic ( x ) by a constant scalar value, so that the limit when r tends to
zero of its discontinuity across the crack plane is equal to 1:
ϕic ( θ = π, r → 0 ) − ϕic ( θ = −π, r → 0 )  = 1
θ

(6)

In other words, the intensity factor ρ I of ϕic ( x ) can now also
be viewed as the CTOD, the intensity factor ρ II of ϕ IIc ( x ) as the
Mode II CTSD and ρ ü as the Mode III CTSD.
Details about the reference fields ϕie ( P ) and ϕic ( P ) and their
construction for each mode can be found in previous papers [21,
54, 11].
With these assumptions, the crack tip field under non-linear mixed
mode conditions can be fully characterized by only six inde∞
pendent degrees of freedom K I∞ , K II∞ , K III
, and ρ I , ρ II , ρ III and
ρ = ( ρ I , ρ II , ρ III ) represents the discontinuity vector of the plastic
velocity field across the crack face.

c

vi ( P, t ) represents the non-elastic part of the velocity field, while
vie ( P, t ) represents the elastic part.

If the material behavior is linear elastic, then the intensity factor K i
of the elastic part of the velocity field is equal to the nominal applied
stress intensity factor K i∞ . Otherwise, these two quantities are slightly different, because elastic strain may arise from applied stresses
(and therefore from K i∞ ), but also from internal stresses arising from
crack tip plasticity and from the confinement of the plastic zone. The
difference ( K i − K i∞ ) can be interpreted as the shielding effect of
th plastic zone [58]. As expected, ( K i − K i∞ ) was observed to be
directly proportional to ρ i by post-treatment of FE simulations.
The elastic reference fields ϕie ( x ) are obtained from a linear FE computation for each mode with K i∞ = 1MPa m and fit the Westergaard
solutions [66].
The non-elastic reference field ϕic ( P ) is obtained from elastic-plastic
FE computations, using a model-reduction technique [32], as being
the best possible field to approximate by Equation 3 the velocity field
evolution calculated for each mode for a loading ramp from zero to
0.8 KIc. According to the model simplifying hypotheses, ϕic ( P ) can
be locally represented by f i c ( r ) gic (θ ) where f i c (α r ) β f i c ( r ) .

 *
an
ρ
t

Figure 3 - Schematics of the process of creation of a new cracked area by
crack tip plasticity (Neuman model [44, 45], Li model [37])

With such an approximation, following the approaches of Neuman
[44, 45] and Li [37], the crack growth rate due to the geometric process of cracked area creation by plasticity can be estimated roughly
as follows :
 * ∝ ( t ∧ ρ ) ⇒ a ∝ ρ I2 + ρ II2
an

(7)

Where t is the unit orientation vector of the crack front, n * is
the unit vector normal to the cracked face oriented outward and
a is the rate of cracked area creation per unit length of the crack
front. It is worth emphasizing that, with such an assumption,
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Mode III plastic flow in the crack tip region has no effect on the
crack growth rate. This point is discussed in § "Mixed mode
loading conditions", since Mode III is known to contribute to
fatigue crack growth [50, 63].
Once the basis of the reference field has been determined, it can
be used to post-process velocity fields obtained from finite element
simulations or from experimental field measurements from digital
image correlation [11].
The velocity field ü ü ( , ) recorded at each time step is projected
onto the six reference fields, in order to retrieve the intensity factors
related to the elastic and the inelastic parts for each mode:

∫ v ( P, t ).ϕ ( P)dP
∫ϕ ( P).ϕ ( P)dP
rec


K i ( t ) =

e
i

e
i

e
i

, ρ i ( t ) =

∫v ( P, t ).ϕ ( P)dP
∫ϕ ( P).ϕ ( P)dP
rec

c
i

c
i

c
i

(8)

In order to quantify the quality of the approximation in equation 3, the
error C2R(t) is also determined in each time step:		
C2R ( t ) =

∫(

)

2

v rec ( P, t ) − K i ( t )ϕie ( P ) − ρ i ( t )ϕic ( P) dP

∫ ( v ( P, t ) )
rec

2

dP

(9)

This error is usually below 10% but increases drastically when the
crack is no longer under small scale yielding conditions or when
contact occurs between the crack faces. In order to quantify the importance of the plastic part of the approximated velocity field, the error
C1R(t) is also determined in each time step:		
C1R ( t ) =

∫(

)

2

v rec ( P, t ) − K i ( t )ϕie ( P ) dP

∫ ( v ( P, t ) )
rec

2

dP

tip region through the use of the reference fields ϕie ( P ) and ϕic ( P )
that include a discontinuity across the crack faces.
•Internal variables are introduced to account for the existence of
internal stresses, of material hardening and more generally of any
other effect related to the non-linear behavior of the material that could
be at the origin of significant memory effects in fatigue crack growth.
However, the constitutive law for the crack tip region, and hence the
internal variables of this constitutive law, are inherent to the crack
front, not to the material. Consequently, the internal variables of the
constitutive model of the crack tip region will not only have to evolve
with plastic flow within the crack tip region, but also as a result of the
crack front displacement.
•Due to the presence of the crack in the crack tip region, plastic
flow is localized from the beginning and must remain localized in the
same manner, as long as the plastic zone is confined by the elastic
bulk. Thus, we are spared many difficulties related to the issue of
accounting for the localization process or the post-peak transition in
the constitutive model.
•From a thermodynamic point of view, the driving force associated
with ρ i is not the nominal applied stress intensity factors, but rather

ϕü =

1 − v2
sign ( K ∞ ) K 2 ∞ . Nevertheless, for ease of reading, the
E

model equations are written in terms of K i∞ .

The constitutive model for the plasticity of the crack tip region is then
associated with a crack propagation model to obtain the incremental
model. In “pure” fatigue, the rate a of production of cracked areas
per unit length of crack front is given by the plastic flow rate ρ i :
(10) =
a α ρ I2 + ρ II2 .

If C1R ( t ) − C2 R ( t ) is very small, it means that adding a plastic part
to the approximation in Equation 3 does not improve it; the behavior
of the crack tip region is thus essentially elastic during the time step.
This criterion was used to define the frontier of the elastic domain
under mixed mode conditions.

Applications and ongoing work
A very small number of degrees of freedom can hence be used to
represent the kinematics of the crack tip region reasonably well. Numerical simulations (or experiments with full field measurement) can
be used to determine the velocity field and to track the evolution of
ρ i for various loading conditions K i∞ , so as to derive a constitutive
model of the non-linear behavior of the crack tip region.
The approach used to develop the model is analogous to that used for
many years by the Mechanics of Materials community to develop material laws with internal variables within a thermodynamic framework.
However, it should be noted that:
•The constitutive law applies to a region and not to a material
point. The approach is hence non-local and is tailored for the crack

Mode I fatigue crack growth
Early work was carried out on modeling fatigue crack growth in
Mode I at room temperature under variable amplitude loading [55,
56] for aircraft engine applications and then for railway applications
[27, 28, 53]. Then, the model was extended to modeling fatigue crack
growth under non-isothermal conditions and in the presence of an
active environment [59].
Attempts have also been made to extend the model to elastic-viscoplastic materials, with promising results. Studies in this direction
have been conducted as part of a collaboration with the University of
Sao Paulo, Brazil (PhD thesis of M. Angeloni) and during the Masters
internship of P. Nam Wong (Snecma).
A set of constitutive equations was defined that allows d ρ I , the
plastic flow in Mode I in the crack tip region, to be determined as a
function of the Mode I nominal applied stress intensity factor dK I∞ .
The model is based on two elastic domains, one for the cyclic plastic
zone and the other for the monotonic plastic zone. Each of them is
characterized by two internal variables that represent, respectively,
the center ( K xcpz and K xmpz ) and the size ( K xcpz and K xmpz ) of each
elastic domain.
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Results such as that plotted in figure 4 can be obtained using the
finite element method, either for a fixed position of the crack front

Cyclic plastic zone - K Rcpz

to obtain ∂Vint , or after numerically “growing” the crack without
∂ρ I
allowing plastic strain, so as to obtain ∂Vint . This allows an evolution
∂ρ a
equation to be determined independently for each internal variable, due

For the cyclic plastic zone, the size of the elastic domain K Rcpz was
assumed to be constant. The material constitutive laws that were
used for most simulations (Figure 4) included both non-linear kinematic and isotropic hardening [36]. However, the effect of isotropic
hardening that is expected to be produced and the evolution of K Rcpz
were usually observed to be small and neglected up to now.

to plasticity ∂Vint or due to crack propagation ∂Vint . The evolution
∂ρ I
∂ρ a
equations introduced for each internal variable are empirical.

Fatigue crack growth is assumed to be the result of crack tip plasticity,
through the crack growth model a = α ρ I2 , therefore the fatigue
threshold ∆K th predicted by the model is equal to 2 K Rcpz .
Cyclic plastic zone - K xcpz

20

The evolution law of the center of the elastic domain K xcpz due to
ü
plasticity ∂K x is determined from numerical results, such as those
∂ρ I
depicted in figure 4, for example.

0.5

( MPa.m )

15

KI

∞

10

5

0
0

ρI ( µm)
0.2

0.4

0.6

0.8

Figure 4 - Illustration of the evolution of the Mode I plastic intensity factor
as a function of the Mode I nominal applied stress intensity factor K I∞ [10]
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2
mpz

ρI
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given material. Since we also assume that a = α ρ I2 , the fatigue
crack growth rate can hence be determined

∞

KX


∂  ∂K xcpz 
=



 ∂ρ I  ∂a 

cpz
Once ∂K x and K xcpz are identified from finite element computa∂ρ I
tions (including the constitutive law of the material), the amplitude
I per fatigue cycle can be predicted as a function of ∆K I∞ for a

1

KI

We first proposed an equation that fits the numerical results as well
as the numerical results (a power low function with a threshold), but
then we preferred to make sure that a unique set of material parameters could be identified, so that we could be able to interpolate the
parameters identified for different temperatures, for example. Finally, we also added the constraint that the evolution equations of each
internal variable, with respect to plastic flow ( ∂ρ I ) or with respect
to the displacement of the crack front ( ∂a ) , would be consistent,
so that:

3

Figure 5 - Illustration of the evolution of the role of each internal variable used
in the model

da
= 2α∆ρ I . It is worth
dN

noting that a fatigue crack growth experiment is necessary to adjust
the coefficient. In a Paris diagram, this coefficient  allows the position of the Paris law to be adjusted, but not its slope. The slope of
the Paris law and the predicted fatigue threshold Kth, stem from
the relation between ∆K I∞ and I, which are identified, using the
finite element method on the basis of the elastic-plastic constitutive
behavior of the material.
Monotonic plastic zone - K Rmpz
The size mpz of the elastic domain in Mode I is directly related to
the size of the plastic zone. As a matter of fact, the intensity factor of
the plastic part of the velocity field is ρ I . It decays exponentially with
the distance from the crack tip. Therefore, for a monotonic loading
ramp the evolution of I as a function of K I∞ is directly related to the
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growth of the plastic zone size with K I∞ . In addition, an exponential
mpz
R

decay is chosen for ∂K
∂a

.

Monotonic plastic zone - K xmpz
The center K xmpz of the elastic domain in Mode I is also defined as the
contact point between the crack faces, whose evolution with crack tip
mpz
plasticity ∂K x can be determined using the finite element method.
∂ρ I
When crack tip blunting occurs (dI>0), the crack opening level
decreases.

Applications – non-isothermal conditions and environmental effect
In order to extend the model to non-isothermal conditions, Juan Antonio Ruiz Sabariego [59] identified the parameters of the constitutive
model for the N18 nickel base superalloy at various temperatures
between 450°C and 650°C. Finite element computations were then
performed, in order to identify the parameters of the constitutive law
of the crack tip region as a function of the temperature. The parameters obtained for each temperature were interpolated so as to obtain a plasticity model for the crack tip region under non-isothermal
conditions [59].
10-4

10

∂K
= kb K Rmpz − ka K Xmpz
∂a

(11)

The equations were implemented and their coefficients identified
using the finite element method for a low carbon steel, by Rami Hamam [27, 28, 53]. The coefficient  of the crack propagation law
a = α ρ I2 was adjusted using a Mode I fatigue crack growth experiment in constant amplitude fatigue at R=0.
Then, the model was used to simulate the stress ratio effect, the overload effect and the effects of various block loadings on fatigue crack
growth [27, 28, 53]. The simulations were compared to experimental results giving satisfactory results. It was shown that the model is
capable of representing the stress ratio effect, the overload effect,
the overload retardation effect, the higher retardation effect after 10
overloads than after one single overload, etc.

( mm / cycle )
da

dN

test : constant amplitude
test : variable amplitude
Paris law in both cases

-5

This Model
 99 cycles+1 OL
10-6
10

t
20

(

30

∆K MPa m

10

10-300-10

1-1

(

∆K MPa m

)

100

)

In addition, the phenomenon of oxidation that assists fatigue crack
growth at high temperatures [49, 3, 33, 31, 70, 64, 29] must also
be considered. This mechanism is responsible, for instance, for the
detrimental effect of dwell times at temperatures above 550°C [29,
5, 69, 34] in the N18 nickel base superalloy. The grain boundaries
are embrittled by oxidation ahead of the crack tip. This mechanism
is thermally activated. In addition, the material is designed to develop a passivation layer of oxides, which protects the material against
grain boundary oxidation. However, if the crack tip is stretched, the
passivation layer breaks and a competition between grain boundary
embrittlement and the growth of a passivation layer takes place.
Therefore a coupling effect between fatigue and oxidation is observed. This explains, in particular, why the crack growth rate is
not only sensitive to the duration of the fatigue cycle, but also to
its shape.
These phenomena are modeled as follows. The crack growth rate is
now the sum of two terms, the first term is due to crack tip plasticity
(Eq. 3), while the second term accounts for the contribution of the
time during which grain boundary oxidation takes place:

10-4

10

Complex

Figure 7 - Fatigue crack growth rate in CT specimens at 550°C in the N18
nickel base superalloy. Symbols correspond to experiments and lines to
predictions [59]

Applications – variable amplitude fatigue

10-3

20%

Complex: Simulation
using this model

dN

da

( mm / cycle )

The evolution of K xmpz with the crack length allows the crack closure
effect to be accounted for. As the crack propagates through the plastic
zone, the internal stresses stored in the plastic zone are transferred from
the ligament to the crack faces, resulting in an increase of K xmpz that is
modeled as being proportional to the internal stresses stored in the crack
tip region and hence to the plastic zone size. Then, once internal stresses
have entirely been transferred to the crack wake, their distance to the
crack tip increases with the extent of the crack, producing a decrease in
the crack opening level. This yields the empirical equation 11:		
-8
mpz
X

Complex: Simulation using
the Paris law + Rainflow

 = 550°C

40

50

Figure 6 - Illustration of the capability of the model to predict the retardation
effect of one overload, with an overload factor of 1.3, in a block of 100 cycles

d ρI
da ∂a d ρ I ∂a
∂a
=
+= α
+
dt ∂ρ I dt
∂t 
dt
∂t

oxydation

(12)

pure fatigue

The cyclic elastic-plastic constitutive model for the crack tip region,
which provides d ρ I , is a function of the temperature through the
dt
dependency of the material cyclic elastic-plastic behavior on the
temperature. In addition, the adjustable parameter  was determined
using fatigue crack growth experiments at rather high frequency, for
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which the contribution of the environment is assumed to be negligible
(1-1 cycles).
The second term of this equation (Eq. 12) corresponds to the contribution of grain boundary embrittlement by the chemical environment
to the fatigue crack growth. Simple partial derivative equations were
used to represent the mechanisms of embrittlement identified by
other authors [29, 5, 69, 34]. Since grain boundary embrittlement
stems from a diffusion process, it was assumed to be thermally activated (Eq. 13).
∂a
 Q 
= mβ o exp  −

∂t
 kT 

(13)
 Q 

 KT 

β 0 exp  −

The crack growth rate

identification. It also successfully reproduces the effect of the shape
of the fatigue cycle that was observed in the experiments, though this
type of cycle was never used during the identification phase.
Mixed mode loading conditions
The model was then extended to the case of fatigue crack growth
under Mixed Mode I + II, loading conditions [10, 11, 54] and for the
general case of mixed-mode (I + II + III) loading conditions [21, 22].
P.Y Decreuse [10, 11, 54] and Flavien Fremy [21, 22] have clearly
demonstrated, through fatigue crack growth experiments for Mixed
Mode I + II and I + II + III on the Astree platform of the LMT, the
importance of the load path effect in steel alloys to predict both the
crack growth rate and the crack path.

by grain boundary

embrittlement, in the absence of any passivation layer, is modulated
by the variable m, which represents the state of that passivation layer.
When m=1, the passivation layer is broken and the crack growth
rate by grain boundary embrittlement is maximum. When m=2, the
passivation layer is thick enough to fully protect grain boundaries
against oxidation. Two adjustable parameters are introduced, in order
to control the variations of m. The parameter RG is introduced, to
represent the growth rate of that passivation layer versus time; the
parameter RF is introduced so as to model how the rupture of the
-4 -2 0 2 4
-2 -1 0 1 2 u e ( µ m )
oxide layer increases the crack growth rate by grain boundary embrittu Iyc ( µ m )
Iy
lement. It is assumed that the oxide layer breaks when the crack tip
is stretched, because of crack tip plasticity. This happens only at the
(a)
(b)
Figure 9 - Mode I reference fields constructed using DIC. Intensity of the comopening, when dI is positive.
ponent normal to the crack plane. (a) Elastic reference field, (b) Non-elastic
		
reference field.[10]
∂m

= − RG m

∂t
 ∂m
(14)

=
− RF (1 − m ) , with d ρ I > 0
 ∂ρ I
10-4

da

This mode: slow-fast

This mode: fast-flow and 1-1

slow-fast

fast-slow

10-7
10

1-1

(

∆K MPa m

)

-1

0

1

e
u IIx
( µm)

-5 -2.5 0 2.5 5

c
u IIx
( µm)

(a)
(b)
Figure 10 - Mode II reference fields constructed using DIC. Intensity of the
component parallel to the crack plane. (a) Elastic reference field, (b) Nonelastic reference field.[10]

dN

( mm / cycle )

 = 575°C

100

Figure 8 - Fatigue crack growth rate in CT specimens at 575°C in the N18
nickel base superalloy. Symbols correspond to experiments conducted by
Hochstetter et al [29] and lines correspond to predictions by the incremental
model [59].

This model was validated using complex isothermal fatigue crack
growth experiments. For instance, it was possible to reproduce the
difference between fast-slow and slow-fast fatigue crack growth
experiments (figure 7) [29, 59]. This result was also satisfactory
because the parameters were identified at 450°C, 550°C, 600°C and
650°C. 575°C is an intermediate temperature that was not used for the

Experimental velocity fields recorded using digital image correlation
were post-treated, as explained in Section 2. The experimental reference fields are consistent with those obtained by FE simulations
under mixed mode conditions.
It was also possible to determine the evolution ρ I and ρ II of the
plastic intensity factors as a function of the nominal applied stress
intensity factor rates K I∞ and K II∞ . The experimental results confirmed the hypotheses of the model.
Experiments were conducted under Mode I+II and Mode I+II+III
non-proportional loading conditions, in order to characterize the load
path effect in fatigue crack propagation in 316L stainless steel and
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the contribution to fatigue crack growth of Mode III loadings [21,
22]. The same maximum, minimum and mean values of the stress
intensity factors were used for each loading path in the experiments.
Since the same maximum, minimum and mean values of the stress
intensity factors were applied in each experiment, the load paths are
all considered to be “equivalent” with respect to most of the fatigue
crack growth criteria, in particular with respect to those based on
1/n
∆K eq = ( ∆K In + β∆K IIn + γ∆K IIIn ) .
18

K II∞ ( MPa.m0.5 )

16
14
12
10
8
6
4
0

1

2

II (m)

3

4

5

Figure 11 - Evolution of the CTSD as a function of the Mode II nominal applied
stress intensity factor. Measurement performed using digital image correla∞
tion (DIC), during a Mode II loading phase ∆K II =
12 MPa m around a
∞
∞
mean
value K II 30
=
=
MPa m , K II 0 .[10]

(

)

The experiments were conducted on the multiaxial servo-hydraulic
testing machine ASTREE, available at LMT. Six actuators were used
simultaneously to perform the tests (figure 12). Three pairs of actuators were used to load the specimen along three orthogonal axes and
to keep the intersection of the three loading axes fixed. Each horizontal
loading axis was load controlled.
The main result of this set of experiments is that very different crack
growth rates are observed even though the extreme values and the
mean values of the stress intensity factors are the same in each
test. A variation by up to a factor of three for the crack growth rate
according to the loading path was observed in these experiments,
even when the crack path remained macroscopically coplanar.
In addition, it was shown that the crack path is also significantly
dependent of the load path. For instance, the crack path remains
coplanar for the “square” load path, while a tilt is observed for the
“proportional” load path in Mixed Mode I+II. In these two cases, the
extreme values of the Mode I and Mode II stress intensity factors are
attained simultaneously.
Elastic plastic finite element analyses were conducted, in order to analyze, at the scale of the crack tip region, the load path effect on plastic
flow under Mixed Mode I+II+III conditions (i.e. ρ = ( ρ I , ρ II , ρ III ) ).
The load paths tested in these simulations were identical to those
used in experiments. By considering that the crack growth rate could
be roughly estimated from the Mode I+II parts of the plastic flow
rate within the crack tip region, it was possible to show that different
load paths displaying the same stress intensity factors for each mode
would nevertheless produce different plastic flow amplitudes and
hence different crack growth rates.
The finite element simulations were consistent with the experiments,
since it was possible to discriminate between the most and the least
detrimental load paths and to predict the order of magnitude of the
load path effect.
Finally, it was also shown that the mode mixity of the plastic flow rate
within the crack tip region does not coincide with the mode mixity of
the nominal applied stress intensity factor rate (figure 13). In particular, the addition of a Mode III stress intensity factor amplitude to
a Mode I+II cycle increases the Mode I+II plastic flow amplitude in
the cycle.

(a)

Number of cycles
37

0.08
Cube

35

Prop.
Star

"cube"

I(m) mode I

Crack length 2a (mm)

39

"square"

33
0

10000

20000

30000

Number of cycles

40000

50000

(b)
Figure 12 - (a) Experimental set-up -Six actuator servo-hydraulic testing
machine ASTREE, (b) crack length evolution for three Mixed Mode I+II+III
cases for which KI=KII=KIII. The three modes were either applied simultaneously (circles), or sequentially (cube), or one after the other (star).
[21, 22]

0
-0.12

0

0.12

II(m) mode II

Figure 13 - Mode I+II plastic flow, as calculated from FE analyses, for the
”square” and “cube” load paths. The plastic flow amplitude in Mixed Mode
I+II is increased when a Mode III stress intensity factor amplitude is added to
a Mode I+II load cycle. [22]
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At the moment, the model under Mixed Mode I+II+III conditions
contains only one elastic domain for the cyclic plastic zone. It was
able to successfully predict the load path effect in constant amplitude fatigue (in phase / out of phase, proportional versus square versus star cycles). However, in order to predict the overload effect,
for example, a second elastic domain for the monotonic plastic zone
would be useful.
The plasticity model for the crack tip region under Mixed Mode
I+II+III conditions contains three components:
• A yield function
• A normality flow rule
• A kinematic hardening rule
The yield criterion was obtained by considering that the yield condition is reached under mixed-mode conditions for the same critical
distortional elastic energy as in Mode I. It is then analogous to the
Von Mises criterion, except that instead of being applied to a material
point, it is applied to the entire crack tip region. To some extent, it
is a non-local Von Mises criterion tailored to cracks. To do so, the
distortional elastic energy density was calculated under mixed mode
conditions using the Westergaard stress functions [66] and then
integrated over a domain with a radius D around the crack tip. Given
that the Westergaard stress functions [66] of each mode depend on
the distance to the crack tip in the same way, the critical distortional
elastic energy criterion is not dependent on D and can be reduced to:
f =

( K I∞ − K IX )
(K )
Y
I

2

2

+

where K IIY K IY
=

Y
=
K IY
and K III

( K II∞ − K IIX )
(K )
Y
II

2

2

+

( K III∞ − K IIIX )
(K )
Y
III

2

2

−1

7 − 16ν (1 −ν )
≈ 0.48 K IY
19 − 16ν (1 −ν )
7 − 16ν (1 −ν )
≈ 0.39 K IY
24

or
f ( GI , GII , GIII ) =

GI
G
G
+ IIY + III
−1
Y
Y
GI
GII
GIII

where GiY =

1 −ν 2 Y 2
( Ki )
E

signe ( K i∞ − K iX )
and Gi =

2
1 −ν 2
( Ki∞ − KiX )
E

This criterion was shown to be consistent with finite element computations and also, in Mixed Mode I+II, with results obtained using
digital image correlation.

25
20
KI(MPa.m1/2) mode I

A model for mixed mode plasticity was introduced and was the subject of the PhD thesis of F. Fremy in Mode I+II+III [21, 22] and of
P. Y. Decreuse in Mode I+II [10, 11, 54]. The model predicts the
evolutions of the plastic intensity factor under variable amplitude and
non-proportional mixed mode conditions, and the plasticity rates predicted by the model under complex conditions are consistent with
crack growth rates obtained in the experiments.

15
10
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KII(MPa.m1/2) mode II

Figure 14 - Evolution of the yield surface during a Mixed Mode I+II loading
ramp. The symbols corresponds to the yield points determined from FE computations using the C1R-C2R numerical criterion (Eqs. 9 & 10), the solid lines
correspond to the yield function based on a critical distortional energy [54].

The size of the elastic domain is still assumed to be a constant and
the shape of the elastic in a KI, KII, KIII diagram is an ellipsoid, whose
aspect ratios are a function of the Poisson ratio of the material.
The center of the elastic domain is allowed to be displaced along the
plastic flow direction ρ = ( ρ I , ρ II , ρ III ) . In addition, the plastic flow
direction is assumed to be normal to the yield function in terms of Gi.
The model was shown to be able to reproduce the evolution of the
plastic flow intensity factors calculated using mixed mode elastic
plastic FE computations, when complex loading conditions where
applied.

Conclusions and future work
An approach was proposed to model the non-local elastic-plastic
behavior of the crack tip region. This approach is based on an approximation of the kinematics of the crack tip region. To some extent,
it is a non-local elastic plastic constitutive model, tailored to a crack
tip region.
The use of this model makes it possible to enrich the usual linear elastic fracture mechanics functions by additional terms that are capable
of accounting for the cyclic elastic-plastic behavior of the material,
including history effects. The model is valid only under small scale
yielding conditions and is dedicated to predicting fatigue crack growth
under complex loading conditions (variable amplitude loading, nonisothermal conditions, etc.).
The model provides a scalar measurement of the amount of plastic
flow for each mode during a time step, as a function of the loading
step (given in terms of the stress intensity factors for each mode).
The parameters of the model can be identified using the constitutive
law of the material and finite element computations of the behavior of
the crack tip region. This model is a non-linear constitutive law for the
crack tip region, with internal variables to account for memory effects.
A temperature dependency of its parameters can be defined, in order
to use it under non-isothermal conditions.
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Thus, the rate of production of cracked areas during a time step, due
to pure fatigue, is assumed to be directly proportional to the amount
of plastic flow predicted by the model. Other mechanisms (oxidation,
corrosion) can be also considered and added to the crack propagation law if necessary.

Under mixed mode conditions, the model was partially developed and
was shown to be able to predict the load path effect successfully
under mixed mode conditions. It also provides a framework to analyze
mixed mode fatigue tests, in particular the role of Mode III on fatigue
crack growth.

The constitutive model for the crack tip region and the crack propagation law, together, are an incremental model for fatigue crack growth.

The model requires additional development to be able to predict the
overload effect under mixed mode conditions. This would not require
extensive numerical or modeling work, but the validation by means of
experiments would require significant effort. In addition, the prediction
of the crack path under mixed mode conditions requires further work.
Ongoing work is aimed at extending the validity domain of the model
to short cracks by including the T-stresses and to large scale yielding
conditions 

In Mode I, the model was completely identified for predicting fatigue
crack growth under mixed mode conditions and validated using a large
set of experiments. It was extended to non-isothermal conditions and
the crack propagation law was completed to include a contribution of
oxidation to crack growth. The model simulations were compared to
experimental results giving satisfactory results.
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